Algebraic Cuntz-Pimsner rings by Carlsen, Toke Meier & Ortega, Eduard
ar
X
iv
:0
81
0.
32
54
v4
  [
ma
th.
RA
]  
12
 M
ay
 20
09
ALGEBRAIC CUNTZ-PIMSNER RINGS
TOKE MEIER CARLSEN AND EDUARD ORTEGA
Abstract. From a system consisting of a ring R, a pair of R-bimodules Q and P and an
R-bimodule homomorphism ψ : P ⊗ Q −→ R, we construct a Z-graded ring T(P,Q,ψ) called
the Toeplitz ring and (for certain systems) a Z-graded quotient O(P,Q,ψ) of T(P,Q,ψ) called
the Cuntz-Pimsner ring. These rings are the algebraic analogs of the Toeplitz C∗-algebra
and the Cuntz-Pimsner C∗-algebra associated to a C∗-correspondence (also called a Hilbert
bimodule).
This new construction generalizes for example the algebraic crossed product by a single
automorphism, fractional skew monoid ring by a single corner automorphism and Leavitt
path algebras. We also describe the structure of the graded ideals of our graded rings in
terms of pairs of ideals of the coefficient ring and show that our Cuntz-Pimsner rings satisfies
the Graded Uniqueness Theorem.
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2 TOKE MEIER CARLSEN AND EDUARD ORTEGA
Introduction
In [20] Pimsner introduced a way to construct a C∗-algebra OX from a C∗-correspondence
X over a C∗-algebra A. These so-called Cuntz-Pimsner algebras have been found to be a
class of C∗-algebras that is extraordinarily rich and with numerous examples included in the
literature: crossed products by automorphisms, Cuntz algebras, Cuntz-Krieger algebras, C∗-
algebras associated to graphs without sinks and Exel-Laca algebras. Later on Katsura [13]
improved the construction of Pimsner in the case that the left action on the correspondence is
not injective, this for example allows us to include the class of C∗-algebras associated with any
graph into the Cuntz-Pimsner algebras class. Consequently the study of the Cuntz-Pimsner
algebras has received a lot of attention in recent years, and because information about OX is
densely codified in X and A, determining how to extract it has been the focus of considerable
interest.
It has recently been discovered that many of C∗-algebras which can be constructed as
Cuntz-Pimsner algebras have algebraic analogs. For example the crossed product of a ring
by an automorphism is the obvious analog of the crossed product of a C∗-algebra of an
automorphism. In [6] Ara, Gonza´lez-Barroso, Goodearl and Pardo inspired by a construction
in C∗-algebra constructed fractional skew monoid rings from actions of monoid on rings
by endomorphisms. In [17] Leavitt described a class of F -algebras L(m,n) (where F is an
arbitrary algebra) which are universal with respect to an isomorphism property between finite
rank modules, i.e. L(m,n)n ∼= L(m,n)m. Later Cuntz [7] (independently) constructed and
investigated the C∗-algebra On, called the Cuntz algebras. When F is the complex numbers
then On can be viewed as a completion, in an appropriate norm, of L(1, n). Soon after
the appearance of [7], Cuntz and Krieger [8] described the significantly more general notion
of the C∗-algebra of a (finite) matrix A, denoted OA. In [16] Cuntz-Krieger algebras were
generalized to C∗-algebras of locally finite directed graphs, and this construction has later
been generalized several time and now apply to arbitrary directed graphs. Inspired by the
fractional skew monoid rings and by the graph C∗-algebras, Abrams and Aranda Pino [1]
constructed the Leavitt path algebra of a row-finite directed graph. This construction was
later generalized to apply to arbitrary directed graphs. The Leavitt path algebras provide a
generalization of Leavitt algebras of type (1, n) just in the same way as graph C∗-algebras
C∗(E) provide a generalization of Cuntz algebras, and they have recently attracted a great
deal of interest (see for example [2, 3, 5, 22]).
It would be interesting and useful to put these rings and algebras in a larger category of
rings whose properties can be studied and analyzed from more simple objects, just as it has
been done in the C∗-algebraic setting with Cuntz-Pimsner algebras. This is the purpose of
this paper.
From a ring R and a triple (P,Q, ψ), called an R-system, consisting of two R-bimodules P
and Q and a R-bimodule homomorphism ψ : P ⊗Q −→ R we construct a universal Z-graded
ring T(P,Q,ψ), called the Toeplitz ring associated with (P,Q, ψ), which contains copies of R,
P and Q and which implements the R-bimodule structure of P and Q and the R-bimodule
homomorphism ψ. We then, for R-systems satisfying a certain condition which we call (FS),
carefully study quotients of T(P,Q,ψ) which preserve the Z-grading of T(P,Q,ψ). We show that
under a mild assumption about the R-system (P,Q, ψ), there exists a smallest quotient of
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T(P,Q,ψ) which preserve the Z-grading of T(P,Q,ψ) and which leaves the embedded copy of R
intact. We define the Cuntz-Pimsner ring O(P,Q,ψ) of (P,Q, ψ) to be this quotient.
We show that the construction of Cuntz-Pimsner rings is a generalization of, for example,
the crossed product of a ring by an automorphism, the Leavitt path algebra of a directed
graphs and of the fractional skew monoid ring of a corner isomorphism. We also generalizes
the Graded Uniqueness Theorem known from Leavitt path algebras to our class of Cuntz-
Pimsner rings, and describe the structure of the graded ideals of T(P,Q,ψ) (and thus of O(P,Q,ψ),
if it exists), in terms of pairs of ideals of R.
We believe that our construction is interesting both from the point of view of algebra and
from the point of view of operator algebra. Our construction unifies many interesting classes
of rings, and we believe it will provide us with the right frame for studying properties, such
as the ideal structure, the K-theory, purely infiniteness, and the real and stable rank of these
rings. It is also worth mentioning that the construction of Cuntz-Pimsner algebras have been
generalized in several ways in C∗-algebra (see for example [9], [12] and [21]), and there is no
reason to believe that the same cannot be done in the algebraic setting. We also expect that
other examples of classes of C∗-algebras which can be obtained through the Cuntz-Pimsner
construction, such as C∗-algebras associated with subshifts, can be adapted to the algebraic
setting through our construction. So this paper is hopefully only the first step on the way
of what we hope to be a fruitful adaption of work done in operator algebra to the algebraic
setting.
We also believe that if one is only interested in the C∗-algebraic case, then there is some
insight to be gained by reading this paper. One reason is that C∗-algebras have some nice
properties not shared by all rings. For example a C∗-algebra is always non-degenerate and
semiprime. This means that things which automatically work in the C∗-algebraic setting do
not necessarily work in the algebraic setting, and we believe that by studying the algebraic
case, one gain some insight into why things work the way they do in the operator algebraic
case. Here are some of the specific differences between the C∗-algebraic case and the purely
algebraic case:
(1) In the algebraic case we are not just working with a single bimodule equipped with a
inner product, but with more general systems consisting of two R-bimodules Q and
P connected by a bimodule homomorphism ψ : P ⊗Q −→ R.
(2) If we are working with a right degenerate ring, then the Fock space representation does
not have the universal property the Toeplitz representation should have. We therefore
have to construct the Toeplitz representation in a different way.
(3) Unlike in the C∗-algebraic case, we do not in the algebraic case automatically have that
every representation will induce a representation of the finite rank operators (which
correspond to the compact operators) of the R-system in question. We therefore have
to introduce a condition on the R-systems we are working with which insures that very
representation will induce a representation of the finite rank operators. We do that by
introducing the condition we call (FS). This is probably not the optimal condition,
but it is quite natural and satisfied by all the interesting examples we consider in this
paper.
(4) Unlike the Toeplitz and Cuntz-Pimsner C∗-algebras, the algebraic Toeplitz and Cuntz-
Pimsner rings do not in general carry a gauge action. Instead, we have to work with
Z-gradings.
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(5) In the algebraic case, it is not always the case that a representation with all the
properties the Cuntz-Pimsner representation should have, exists (that it always exists
in the C∗-algebraic case is because every C∗-algebra is semiprime). We think this is
an interesting fact on its own, but it means that we in general have to work with
relative Cuntz-Pimsner rings instead of Cuntz-Pimsner rings.
Another reason why we believe that our construction is interesting from the point of view
of operator algebra is that since we do not have to worry about any norms or topology,
our arguments become more tangible than in the C∗-algebraic setting. This allows us for
example to put everything into a frame of category theory, something we think makes this
whole construction more transparent. We believe that something similar can, and ought to,
be done in the C∗-algebraic setting.
The contents of the paper. The contents of this paper can be summarized as follows:
In Section 1 we give some basic definitions and introduce R-systems (P,Q, ψ) (Definition
1.1). We define the category C(P,Q,ψ) of surjective covariant representations of an R-system
(P,Q, ψ) (Definition 1.4) and we prove that this category has an initial object which we call
the Toeplitz representation (Theorem 1.7). We then introduce some essential examples of
this construction, namely R-systems associated with ring automorphisms (Example 1.9) and
with oriented graphs (Example 1.10), and we study their Toeplitz representations.
Section 2 defines the ring of adjointable homomorphisms LP (Q) (Definition 2.1) as well
as its ideal of the finite rank adjointable homomorphisms FP (Q) (Definition 2.2 and gives
us the Fock space representation (Proposition 2.5) which we later show is isomorphic to the
Toeplitz representation under certain conditions (Proposition 4.2).
In Section 3 we show that the Toeplitz ring T(P,Q,ψ), on which the Toeplitz representation
of an R-system (P,Q, ψ) lives, comes with a Z-grading (Proposition 3.1). We then go on
to study graded and injective representations of (P,Q, ψ); that is representations which are
compatible with the Z-grading of T(P,Q,ψ) (Definition 3.3) and for which the representation of
R is injective (Definition 1.2). To do this we need that representations of (P,Q, ψ) induces
representations of FP (Q). In contract to the C∗-algebraic case where a representation of a
Hilbert bimodule always induces a representation of the compact operators of the bimodule,
a representation of (P,Q, ψ) does not automatically induces a representation of FP (Q). We
introduce a condition called (FS) on (P,Q, ψ) (Definition 3.4) which guarantees that every
representation of (P,Q, ψ) induces a representation of FP (Q) (Proposition 3.11). Under this
condition we define the relative Cuntz-Pimsner ring O(P,Q,ψ)(J) of an R-system (P,Q, ψ) with
respect to an ideal J as a certain quotient of the Toeplitz ring T(P,Q,ψ) (Definition 3.16), and
we show that the representations of (P,Q, ψ) corresponding to these relative Cuntz-Pimsner
rings, up to isomorphism, include all graded and injective representations of (P,Q, ψ) (Remark
3.30).
In Section 4 we use the classification of graded and injective representations obtained in
Section 3 to first show that under certain conditions the Fock representation of an R-system is
isomorphic to the Toeplitz representation (Proposition 4.2), and we then show that a relative
Cuntz-Pimsner ring O(P,Q,ψ)(J) satisfies the Graded Uniqueness Theorem (Definition 4.5) if
and only if the ideal J is maximal among the ideals of R for which the corresponding relative
Cuntz-Pimsner representation is injective (Theorem 4.7). We also show by example that
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there can be more than one such maximal ideal (Example 4.11). This is in contrast to the
C∗-algebraic case where there always exists a unique such maximal ideal.
If such a unique maximal ideal exists, then we define the Cuntz-Pimsner representation of
the R-system in question to be the relative Cuntz-Pimsner representation corresponding to
this maximal ideal (Definition 5.1). We do this in Section 5 where we also give conditions
under which such a unique maximal ideal exists (Lemma 5.2 and 5.3) and show that several
interesting examples satisfy these conditions (Example 5.5, 5.6, 5.7 and 5.8). We then show
that the Cuntz-Pimsner ring, the ring on which the Cuntz-Pimsner representation lives,
automatically satisfies the Graded Uniqueness Theorem (Corollary 5.4) and use this to show
that we can construct the Leavitt path algebras (Example 5.8)), the crossed product of a
ring R by an automorphism (Example 5.5) and the fractional skew monoid ring of a corner
isomorphism (Example 5.7) as Cuntz-Pimsner rings.
In Section 6 we generalize the Algebraic Gauge-Invariant Uniqueness Theorem of [3] to
our Cuntz-Pimsner rings (Corollary 6.3), and thereby to all Leavitt Path algebras (Corollary
6.4).
Finally in Section 7 we extend the classification of graded and injective representations
obtained in Section 3 to graded representations which are not necessarily injective (Remark
7.12) and use this classification to give a complete description of the graded ideals of relative
Cuntz-Pimsner rings (and thereby of Toeplitz rings, and of Cuntz-Pimsner rings) in terms of
certain pairs of ideals of R (Theorem 7.27 and Corollary 7.28 and 7.29).
1. The Toeplitz ring
First we establish the basic definitions for our setting. Throughout the paper we set
N0 = N ∪ {0}.
A ring R is said to be right (left) non-degenerate if rR = 0 (Rr = 0) implies r = 0. A ring
R is said to be non-degenerate if it is both right and left non-degenerate. A non-degenerate
has local units if for every finite set {r1, . . . , rn} ⊆ R there exists an idempotent e ∈ R such
that ri ∈ eRe for every i = 1, . . . , n.
Let R be a ring. Given two R-bimodules P and Q we will by P ⊗Q denote the R-balanced
tensor product.
1.1. R-systems, covariant representations and the Toeplitz representation.
Definition 1.1. Let R be a ring. An R-system is a triple (P,Q, ψ) where P and Q are
R-bimodules, and ψ is a R-bimodule homomorphism from P ⊗Q to R.
Definition 1.2 (Cf. [18, Definition 2.11]). Let R be a ring and (P,Q, ψ) an R-system. We
say that a quadruple (S, T, σ, B) is a covariant representation of (P,Q, ψ) on B if
(1) B is a ring,
(2) S : P −→ B and T : Q −→ B are linear maps,
(3) σ : R −→ B is a ring homomorphism,
(4) S(pr) = S(p)σ(r), S(rp) = σ(r)S(p), T (qr) = T (q)σ(r) and T (rq) = σ(r)T (q) for
every r ∈ R, p ∈ P and q ∈ Q,
(5) σ(ψ(p⊗ q)) = S(p)T (q) for every p ∈ P and q ∈ Q.
We denote by R〈S, T, σ〉 the subring of B generated by σ(R)∪ T (Q)∪S(P ). If R〈S, T, σ〉 =
B, then we say that the covariant representation (S, T, σ, B) is surjective, and if the ring
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homomorphism σ is injective, then we say that the covariant representation (S, T, σ, B) is
injective.
Examples 1.3.
(1) Let R be any ring and let P = Q = R be the regular R-bimodules. Defining ψ :
P ⊗ Q −→ R by ψ(p ⊗ q) = pq. We then have that (P,Q, ψ) is an R-system. We
can define a covariant representation (S, T, σ, R[t, t−1]), where R[t, t−1] is the Laurent
polynomial ring with coefficients in R, by letting T (q) = qt, S(p) = pt−1 and σ(r) = r
for every p ∈ P , q ∈ Q and r ∈ R. It is easy to check that (S, T, σ, R[t, t−1]) is indeed
a covariant representation of (P,Q, ψ). Observe that this representation is injective
and surjective.
(2) Let P = Q be the R-module R. Define ψ : R⊗R −→ R by ψ(p⊗ q) = −pq. We then
have that (P,Q, ψ) is an R-system. We can then define a covariant representation
(S, T, σ,C) by letting T (q) = qi, S(p) = pi and σ(r) = r for every p ∈ P , q ∈ Q and
r ∈ R. This representation is injective and surjective.
(3) Let P = Q be the Z-module Z. Then if given any a ∈ Z we define ψa : Z ⊗ Z −→ Z
by ψ(p ⊗ q) = apq, then (P,Q, ψa) is a Z-system. We can then define a covariant
representation (S, T, σ,C) by letting T (q) = q
√
a, S(p) = p
√
a and σ(r) = r for every
p ∈ P , q ∈ Q and r ∈ Z. Notice that the representation (S, T, σ,C) is injective but
not surjective.
(4) Let V be a K-vector space and let Q(−,−) : V × V −→ K be a non-degenerate
quadratic form. Then V is a K-module, and if we let P = Q = V and define
ψQ : V ⊗ V −→ K by ψQ(p ⊗ q) = Q(p, q), then (P,Q, ψQ) is a K-system. Recall
that the Clifford algebra Cl(V,Q) is the universal unital K-algebra generated by V
and with the relation v2 = Q(v, v)1 for every v ∈ V . Therefore we can define a
covariant representation (S, T, σ, Cl(V,Q)) of (P,Q, ψQ) by letting T (v) = v, S(v) = v
and σ(k) = k1. This representation is surjective.
Definition 1.4. Let R be a ring and (P,Q, ψ) an R-system. We denote by C(P,Q,ψ) the
category whose objects are surjective covariant representations (S, T, σ, B) of (P,Q, ψ), and
where the class of morphisms between two representations (S1, T1, σ1, B1) and (S2, T2, σ2, B2)
is the class of ring homomorphisms φ : B1 −→ B2 such that φ ◦ T1 = T2, φ ◦ S1 = S2 and
φ ◦ σ1 = σ2.
The main purpose of this paper is, for a given R-system (P,Q, ψ), to study the category
C(P,Q,ψ). First we will show that C(P,Q,ψ) has an initial object, but we begin with some more
definitions and an easy lemma.
Given an R-system (P,Q, ψ) we define recursively the R-bimodules P⊗n and Q⊗n by letting
P 1 = P and Q1 = Q, and letting P⊗n = P⊗n−1 ⊗ P and Q⊗n = Q⊗n−1 ⊗ Q for n > 1. We
also let P⊗0 = Q⊗0 = R. We then define ψ0 : P
0 ⊗Q0 −→ R by
r1 ⊗ r2 7−→ r1r2
for r1, r2 ∈ R, and we let ψ1 = ψ and define recursively ψn : P⊗n ⊗Q⊗n −→ R for n > 1 by
(p1 ⊗ p2)⊗ (q1 ⊗ q2) 7−→ ψ
(
p1 · ψn−1(p2 ⊗ q1)⊗ q2
)
for p2 ∈ P⊗n−1, p1 ∈ P , q1 ∈ Q⊗n−1 and q2 ∈ Q.
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Lemma 1.5. Let R be ring and (P,Q, ψ) an R-system, and let (S, T, σ, B) be a covariant
representation of (P,Q, ψ). For each n ∈ N there exist linear maps T n : Q⊗n −→ B and
Sn : P⊗n −→ B such that T n(q1⊗ q2⊗· · ·⊗ qn) = T (q1)T (q2) . . . T (qn) and Sn(p1⊗p2⊗· · ·⊗
pn) = S(p1)S(p2) . . . S(pn).
Proof. Easily follows from the universal property of tensor products. 
Gradings by the following semigroup will play an important role in this paper.
Definition 1.6. We define S to be the semigroup N20 with multiplication defined by
(m,n)(k, l) =
{
(m,n− k + l) if n ≥ k,
(m+ k − n, l) if k ≥ n.
We are now ready to show that the category C(P,Q,ψ) has an initial object.
Theorem 1.7 (Cf. [20]). Let R be a ring and (P,Q, ψ) an R-system. Then there exists an
injective and surjective covariant representation (ιP , ιQ, ιR, T(P,Q,ψ)) with the following prop-
erty:
(TP) If (S, T, σ, B) is a covariant representation of (P,Q, ψ), then there exists a unique ring
homomorphism η(S,T,σ,B) : T(P,Q,ψ) −→ B such that η(S,T,σ,B)◦ιR = σ, η(S,T,σ,B)◦ιQ = T
and η(S,T,σ,B) ◦ ιP = S.
Moreover, (ιP , ιQ, ιR, T(P,Q,ψ)) is the, up to isomorphism in C(P,Q,ψ), unique surjective covariant
representation of (P,Q, ψ) which possesses the property (TP); in fact, if (S, T, σ, B) is a
surjective covariant representation of (P,Q, ψ) and φ : B −→ T(P,Q,ψ) is a ring homomorphism
such that φ ◦ σ = ιR, φ ◦ S = ιP and φ ◦ T = ιQ, then φ is an isomorphism.
If we for m,n ∈ N let T(m,n) := span{ιmQ (q)ιnP (p) | q ∈ Q⊗m, p ∈ P⊗n}, and we for k ∈ N
let T(k,0) := ιkQ(Q⊗k) and T(0,k) := ιkP (P⊗k), and we let T(0,0) := ιR(R), then ⊕(m,n)∈ST(m,n)
is a S-grading of T(P,Q,ψ). The grading ⊕(m,n)∈ST(m,n) is the only S-grading ⊕(m,n)∈SY(m,n) of
T(P,Q,ψ) such that ιR(R) ⊆ Y(0,0), ιQ(Q) ⊆ Y(1,0), and ιP (P ) ⊆ Y(0,1).
We call (ιP , ιQ, ιR, T(P,Q,ψ)) the Toeplitz representation of (P,Q, ψ), and T(P,Q,ψ) for the
Toeplitz ring of (P,Q, ψ).
Proof. For (m,n) ∈ N2 let T(m,n) be the free abelian group generated by elements {[q, p] | q ∈
Q⊗m, p ∈ P⊗n} satisfying the relations
• [q, p1] + [q, p2] = [q, p1 + p2] for q ∈ Q⊗m and p1, p2 ∈ P⊗n,
• [q1, p] + [q2, p] = [q1 + q2, p] for q1, q2 ∈ Q⊗m and p ∈ P⊗n,
• [qr, p] = [q, rp] for r ∈ R, q ∈ Q⊗m and p ∈ P⊗n.
For k ∈ N let T(k,0) be the abelian group {[q] | q ∈ Q⊗k} with addition defined by [q1] + [q2] =
[q1+q2] for q1, q2 ∈ Q⊗k (so T(k,0) is just a copy of the abelian group Q⊗k), and let T(0,k) be the
abelian group {[p] | p ∈ P⊗k} with addition defined by [p1] + [p2] = [p1 + p2] for p1, p2 ∈ P⊗k
(so T(0,k) is just a copy of the abelian group P⊗k). Finally, let T(0,0) be the abelian group
{[r] | t ∈ R} with addition defined by [r1] + [r2] = [r1 + r2] for r1, r2 ∈ R (so T(0,0) is just a
copy of the abelian group R). We let T(P,Q,ψ) := ⊕(m,n)∈ST(m,n). It is not difficult (but a bit
tedious) to show that there exists a unique multiplication on T(P,Q,ψ) satisfying
• [r1][r2] = [r1r2] for r1, r2 ∈ R,
• [r][q] = [rq] for r ∈ R, q ∈ Q⊗k, k ∈ N,
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• [q][r] = [qr] for q ∈ Q⊗k, r ∈ R, k ∈ N,
• [r][p] = [rp] for r ∈ R, p ∈ P⊗k, k ∈ N,
• [p][r] = [pr] for p ∈ P⊗k, r ∈ R, k ∈ N,
• [q][p] = [q, p] for q ∈ Q⊗k, p ∈ P⊗l, k, l ∈ N,
• [p][q] = [ψk(p⊗ q)] for q ∈ Q⊗k, p ∈ P⊗k, k ∈ N,
• [p][q1 ⊗ q2] = [ψk(p⊗ q1)q2] for p ∈ P⊗k, q1 ∈ Q⊗k, q2 ∈ Q⊗l, k, l ∈ N,
• [p1 ⊗ p2][q] = [p1, ψl(p2 ⊗ q)] for p1 ∈ P⊗k, p2 ∈ Q⊗l, q ∈ Q⊗l, k, l ∈ N,
• [r][q, p] = [rq, p] for r ∈ R, q ∈ Q⊗k, p ∈ P⊗l, k, l ∈ N,
• [q, p][r] = [q, pr] for q ∈ Q⊗k, p ∈ P⊗l, r ∈ R, k, l ∈ N,
• [q1][q2, p] = [q1 ⊗ q2, p] for q1 ∈ Q⊗k, q2 ∈ Q⊗l, p ∈ P⊗m, k, l,m ∈ N,
• [q1, p][q2] = [q1ψl(p⊗ q2)] for q1 ∈ Q⊗k, p ∈ P⊗l, q2 ∈ Q⊗l, k, l ∈ N,
• [q1, p1 ⊗ p2][q2] = [q1, p1ψm(p2 ⊗ q2)] for q1 ∈ Q⊗k, p1 ∈ P⊗l, p2 ∈ P⊗m, q2 ∈ Q⊗m,
k, l,m ∈ N,
• [q1, p][q2 ⊗ q3] = [q1ψl(p ⊗ q2) ⊗ q3] for q1 ∈ Q⊗k, p ∈ P⊗l, q2 ∈ Q⊗l, q3 ∈ Q⊗m,
k, l,m ∈ N,
• [p1][q, p2] = [ψk(p1 ⊗ q)p2] for p1 ∈ P⊗k, q ∈ Q⊗k, p2 ∈ P⊗l, k, l ∈ N,
• [p1 ⊗ p2][q, p3] = [p1ψl(p2 ⊗ q) ⊗ p3] for p1 ∈ P⊗k, p2 ∈ P⊗l, q ∈ Q⊗l, p3 ∈ P⊗m,
k, l,m ∈ N,
• [p1][q1 ⊗ q2, p2] = [ψk(p1 ⊗ q1)q2, p2] for p1 ∈ P⊗k, q1 ∈ Q⊗k, q2 ∈ Q⊗l, p2 ∈ P⊗m,
k, l,m ∈ N,
• [q, p1][p2] = [q, p1 ⊗ p2] for q ∈ Q⊗k, p1 ∈ P⊗l, p2 ∈ P⊗m, k, l,m ∈ N,
• [q1, p1][q2, p2] = [q1ψl(p1 ⊗ q2), p2] for q1 ∈ Q⊗k, p1 ∈ P⊗l, q2 ∈ Q⊗l, p2 ∈ P⊗m,
k, l,m ∈ N,
• [q1, p1][q2⊗q3, p2] = [q1ψl(p1⊗q2)⊗q3, p2] for q1 ∈ Q⊗k, p1 ∈ P⊗l, q2 ∈ Q⊗l, q3 ∈ Q⊗m,
p2 ∈ P⊗n, k, l,m, n ∈ N,
• [q1, p1 ⊗ p2][q2, p3] = [q1, p1ψm(p2 ⊗ q2) ⊗ p3] for q1 ∈ Q⊗k, p1 ∈ P⊗l, p2 ∈ P⊗m,
q2 ∈ Q⊗m, p3 ∈ P⊗n, k, l,m, n ∈ N.
With this T(P,Q,ψ) becomes a ring.
Let ιR : R −→ T(P,Q,ψ) be the map r 7−→ [r], ιQ : Q −→ T(P,Q,ψ) the map q 7−→ [q], and
ιP : P −→ T(P,Q,ψ) the map p 7−→ [p]. Then (ιP , ιQ, ιR, T(P,Q,ψ)) is an injective and surjective
covariant representation of (P,Q, ψ).
Let (S, T, σ, B) be a covariant representation of (P,Q, ψ). Since T(P,Q,ψ) is generated by
ιR(R)∪ιQ(Q)∪ιP (P ), there can at most be one ring homomorphism η(S,T,σ,B) : T(P,Q,ψ) −→ B
such that η(S,T,σ,B) ◦ ιR = σ, η(S,T,σ,B) ◦ ιQ = T and η(S,T,σ,B) ◦ ιP = S. For (m,n) ∈ N2 the set
span{Tm(q)Sn(p) | q ∈ Q⊗m, p ∈ P⊗n} is a subgroup of B in which the relations
• Tm(q)Sn(p1) + Tm(q)Sn(p2) = Tm(q)Sn(p1 + p2) for q ∈ Q⊗m and p1, p2 ∈ P⊗n,
• Tm(q1)Sn(p) + Tm(q2)Sn(p) = Tm(q1 + q2)Sn(p) for q1, q2 ∈ Q⊗m and p ∈ P⊗n,
• Tm(qr)Sn(p) = Tm(q)Sn(rp) for r ∈ R, q ∈ Q⊗m and p ∈ P⊗n,
are satisfied, so there exists a group homomorphism η(m,n) from T(m,n) to B such that
η(m,n)([q, p]) = T
m(q)Sn(p) for q ∈ Q⊗m and p ∈ P⊗n. For k ∈ N let η(k,0) denote the
map T k, and let η(0,k) denote the map S
k. Finally, let η(0,0) denote the map σ. Then there
exists a linear map η(S,T,σ,B) : T(P,Qψ) −→ B such that for each (m,n) ∈ S the restriction of
η(S,T,σ,B) to T(m,n) is equal to η(m,n). It is not difficult to check that η(S,T,σ,B) is multiplicative,
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and thus a ring homomorphism. It is clear that η(S,T,σ,B) ◦ ιR = σ, η(S,T,σ,B) ◦ ιQ = T and
η(S,T,σ,B) ◦ ιP = S. Thus the representation (ιP , ιQ, ιR, T(P,Q,ψ)) possesses property (TP).
If (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and φ : B −→ T(P,Q,ψ) is a
ring homomorphism such that φ◦σ = ιR, φ◦S = ιP and φ◦T = ιQ, then η(S,T,σ,B) ◦φ(σ(r)) =
σ(r) for all r ∈ R, η(S,T,σ,B) ◦ φ(S(p)) = S(p) for all p ∈ P and η(S,T,σ,B) ◦ φ(T (q)) = T (q) for
all q ∈ Q. Since B is generated by σ(R)∪S(P )∪T (Q), it follows that η(S,T,σ,B) ◦φ is equal to
the identity map of B. One can in a similar way show that φ◦η(S,T,σ,B) is equal to the identity
map of T(P,Q,ψ). Thus φ and η(S,T,σ,B) are each other inverse, and φ is an isomorphism.
It is clear that T(m,n) = span{ιmQ (q)ιnP (p) | q ∈ Q⊗m, p ∈ P⊗n} for m,n ∈ N, that
T(k,0) = ιkQ(Q⊗k) and T(0,k) = ιkP (P⊗k) for k ∈ N, that T(0,0) = ιR(R), and that ⊕(m,n)∈ST(m,n)
is a S-grading of T(P,Q,ψ).
If ⊕(m,n)∈SY(m,n) is another S-grading of T(P,Q,ψ) such that ιR(R) ⊆ Y(0,0), ιQ(Q) ⊆ Y(1,0),
and ιP (P ) ⊆ Y(0,1), then it follows that T(m,n) ⊆ Y(m,n) for each (m,n) ∈ S, and thus that
T(m,n) = Y(m,n) for each (m,n) ∈ S. 
Remark 1.8. It follows from Theorem 1.7 that the Toeplitz representation is an initial
object of C(P,Q,ψ). It also follows that there is a bijective correspondence between covariant
representations of an R-system (P,Q, ψ) and ring homomorphisms defined on T(P,Q,ψ).
1.2. Examples. We end this section by looking at some examples. We will return to these
examples later in the paper.
Example 1.9. Let R be a ring and let ϕ ∈ Aut(R) be a ring automorphism. Let P =: Rϕ
be the R-bimodule with the right action defined by p · r = pϕ(r) and the left action defined
by r · p = rp for p ∈ P and r ∈ R. Likewise, let Q := Rϕ−1 be the R-bimodule with the right
action defined by q · r = qϕ−1(r) and the left action defined by r · q = rq for q ∈ Q and r ∈ R.
Thus we can define the following bimodule homomorphism:
ψ : P ⊗R Q −→ R
p⊗ q 7−→ pϕ(q).
Notice that we for every n ∈ N have that P⊗n is isomorphic to Rϕn and that Q⊗n is
isomorphic to Rϕ−n . We will in the following for every n ∈ N0 identify P⊗n and Q⊗n with
R. We then have that p1 ⊗ p2 = p1ϕn1(p2) for p1 ∈ P⊗n1 and p2 ∈ P⊗n2, and that q1 ⊗ q2 =
q1ϕ
−n1(q2) for q1 ∈ Q⊗n1 and q2 ∈ Q⊗n2 .
Let (S, T, σ, B) be a covariant representation of (P,Q, ψ). For r ∈ R and n ∈ N let
[r, n] := Sn(r), [r,−n] := T n(r) and [r, 0] := σ(r) = T 0(r) = S0(r). For r1, r2 ∈ R and
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n1, n2 ∈ N0 choose u1, u2 ∈ R such that ur1 = r1 and r2u2 = r2. Then we have
[r1, n1][r2, n2] = S
n1(r1)S
n2(r2) = S
n1+n2(r1 ⊗ r2)
= Sn1+n2
(
r1ϕ
n1(r2)
)
= [r1ϕ
n1(r2), n1 + n2],
[r1,−n1][r2,−n2] = T n1(r1)T n2(r2) = T n1+n2(r1 ⊗ r2)
= T n1+n2
(
r1ϕ
−n1(r2)
)
= [r1ϕ
−n1(r2),−n1 − n2],
[r1, n1][r2,−n1] = Sn1(r1)T n1(r2) = σ
(
ψn1(r1 ⊗ r2)
)
= σ
(
r1ϕ
n1(r2)
)
= [r1ϕ
n1(r2), 0],
[r1, n1 + n2][r2,−n2] = [u1r1, n1 + n2][r2,−n2]
= [u1, n1][ϕ
−n1(r1), n2][r2,−n2]
= [u1, n1][ϕ
−n1(r1)ϕ
n2(r2), 0]
= [u1r1ϕ
n1+n2(r2), n1] = [r1ϕ
n1+n2(r2), n1]
and
[r1, n1][r2,−n1 − n2] = [r1, n1][r2,−n1][ϕn1(u2),−n2]
= [r1ϕ
n1(r2), 0][ϕ
n1(u2),−n2]
= [r1ϕ
n1(r2),−n2]
Thus [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1 + k2] for r1, r2 ∈ R and k1, k2 ∈ Z if k1 and k2 both are
non-positive, or both are non-negative, or if k1 is non-negative and k2 is non-positive. We
also have that [r1, k] + [r2, k] = [r1 + r2, k] for r1, r2 ∈ R and k ∈ Z.
If on the other hand we have a ring B which contains a set of elements {[r, k] : r ∈ R, k ∈ Z}
satisfying [r1, k]+ [r2, k] = [r1+ r2, k] and [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1+k2] if k1 and k2 both
are non-positive, or both are non-negative, or if k1 is non-negative and k2 is non-positive, and
we define σ : R −→ B by σ(r) = [r, 0], S : P −→ B by S(p) = [p, 1], and T : Q −→ B by
T (q) = [q,−1], then (S, T, σ, B) is a covariant representation of (P,Q, ψ).
Thus T(P,Q,ψ) is the universal ring generated by elements {[r, k] : r ∈ R, k ∈ Z} satisfying
[r1, k] + [r2, k] = [r1 + r2, k] and [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1 + k2] if k1 and k2 both are
non-positive, or both are non-negative, or if k1 is non-negative and k2 is non-positive. We
will in Example 5.5 see that if R has local units then a certain quotient of T(P,Q,ψ) (the
Cuntz-Pimsner ring of (P,Q, ψ)) is isomorphic to the crossed product R×ϕ Z.
Example 1.10. Let E = (E0, E1) be an oriented graph and let F be a commutative unital
ring. We define the ring R := ⊕v∈E0Fv where every Fv is a copy of F , and we denote for each
v ∈ E0 by 1v the unit of Fv. Observe that R is non-degenerate with local units. We also
define Q := ⊕e∈E1Fe and P := ⊕e∈E1Fe where every Fe and Fe are copies of F with units 1e
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and 1e respectively, with the following R-bimodule operations:
(∑
e∈E1
λe1e
)
·
(∑
v∈E0
sv1v
)
=
∑
e∈E1

 ∑
r(e)=v
λesv

 1e ,
(∑
v∈E0
sv1v
)
·
(∑
e∈E1
λe1e
)
=
∑
e∈E1

∑
s(e)=v
svλe

1e ,
(∑
e∈E1
λe1e
)
·
(∑
v∈E0
sv1v
)
=
∑
e∈E1

∑
s(e)=v
λesv

1e ,
(∑
v∈E0
sv1v
)
·
(∑
e∈E1
λe1e
)
=
∑
e∈E1

 ∑
r(e)=v
svλe

 1e ,
for every {sv}v∈E0 ⊆ F and {λe}e∈E1 ⊆ F .
Now if we define the following R-bimodule homomorphism
ψ : P ⊗R Q −→ R
(
∑
e∈E1 pe1e)⊗ (
∑
e∈E1 qe1e) 7−→
∑
v∈E0(
∑
r(e)=v peqe)1v,
then (P,Q, ψ) is an R-system.
Let (S, T, σ, B) be a covariant representation of (P,Q, ψ) and let pv := σ(1v) for v ∈ E0,
and let xe = T (1e) and ye = S(1e) for e ∈ E1. It is easy to check that {pv}v∈E0 is a family of
pairwise orthogonal idempotents, and that for all e, f ∈ E1 we have that ps(e)xe = xe = xepr(e),
pr(e)ye = ye = yeps(e), and yexf = δe,fpr(e). Since R is an F -algebra, and P and Q are F -
modules, the ringR〈S, T, σ〉 becomes an F -algebra when we equip it with an F -multiplication
of F defined by λσ(r) = σ(λr), λS(p) = S(λp) and λT (q) = T (λq) for λ ∈ F , r ∈ R, p ∈ P
and q ∈ Q.
If on the other hand B is an F -algebra which contains a family {pv}v∈E0 of pairwise
orthogonal idempotents and families {xe}e∈E1 and {ye}e∈E1 satisfying for all e, f ∈ E1 that
ps(e)xe = xe = xepr(e), pr(e)ye = ye = yeps(e), and yexf = δe,fpr(e), and we for r =
∑
v∈E0 sv1v ∈
R let σ(r) :=
∑
v∈E0 svpv, for p =
∑
e∈E1 λe1e ∈ P let S(p) :=
∑
e∈E1 λexe, and for q =∑
e∈E1 λe1e ∈ Q let T (q) :=
∑
e∈E1 λexe, then (S, T, σ, B) is a covariant representation of
(P,Q, ψ).
Thus TE := T(P,Q,ψ) is the universal F -algebra generated by a set {pv : v ∈ E0} of pairwise
orthogonal idempotents, together with a set {xe, ye : e ∈ E1} of elements satisfying for
e, f ∈ E1
(1) ps(e)xe = xe = xepr(e),
(2) pr(e)ye = ye = yeps(e),
(3) yexf = δe,fpr(e).
We will in Example 5.8 see that a certain quotient of TE is isomorphic to the Leavitt path
algebra LF (E) associated with the graph E, cf. [1],[2],[3],[5]&[22].
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2. The Fock space representation
We will in this section for an arbitrary ring R and an arbitrary R-system (P,Q, ψ) construct
a representation which we call the Fock space representation. This construction is inspired
by a similar construction in the C∗-algebra setting, cf. [20] and [13]. We will later show (see
Proposition 4.2) that the Fock space representation under certain conditions is isomorphic to
the Toeplitz representation.
We begin by establishing some notation which will be used in the rest of the paper.
Definition 2.1. Let R be a ring and (P,Q, ψ) an R-system. Then a right R-module homo-
morphism T : QR −→ QR is called adjointable with respect to ψ if there exists a left R-module
homomorphism S : RP −→ RP such that
ψ
(
p⊗ T (q)) = ψ(S(p)⊗ q) ∀p ∈ P ∀q ∈ Q .
We call S an adjoint of T with respect to ψ. We write LP (Q) for the set of all the
adjointable homomorphisms (with respect to ψ). Notice that without further conditions the
adjoint can be non-unique. We denote by LQ(P ) the set of all the adjoints.
Observe that LP (Q) and LQ(P ) are subrings of End(QR) and End(RP ) respectively.
Definition 2.2. Let R be a ring and (P,Q, ψ) an R-system. For every p ∈ P and q ∈ Q we
define the following homomorphisms
θq,p : QR −→ QR
x 7−→ qψ(p⊗ x)
θp,q : RP −→ RP
y 7−→ ψ(y ⊗ q)p .
Then θq,p ∈ LP (Q) and has θp,q as an adjoint.
We call these homomorphisms rank 1 adjointable homomorphisms, and we denote by FP (Q)
the linear span of all the rank 1 adjointable homomorphisms. Similarly, we denote by FQ(P )
the set of all rank 1 adjoints.
Lemma 2.3. Let R be a ring and (P,Q, ψ) an R-system. If T ∈ LP (Q) (with an adjoint S),
p ∈ P and q ∈ Q, then we have that
TΘq,p = ΘT (q),p and Θq,pT = Θq,S(p) .
Thus FP (Q) is a two-sided ideal of LP (Q).
Proof. Is easy to check using the definitions. 
Notice that the above result does not depend on the choice of the adjoint. Notice also that
by a dual argument we have that FQ(P ) is a two-sided ideal of LQ(P ).
Definition 2.4 (Cf. [18, Section 2.2] and [20]). Given a ring R and an R-bimodule Q we
define the tensor ring or Fock ring F (Q) by
F (Q) =
∞⊕
n=0
Q⊗n .
ALGEBRAIC CUNTZ-PIMSNER RINGS 13
Despite the inherited ring structure of F (Q) (see [11] for more information about tensor
rings) we are only interested in the R-bimodule structure of F (Q). If (P,Q, ψ) is an R-system,
then we can define an R-balanced R-bilinear form
〈·, ·〉 : F (P )× F (Q) −→ R
({pn}, {qn}) 7−→
∑
n∈N0
ψn(pn ⊗ qn)
that one can extend to a R-bimodule homomorphism ψ : F (P )⊗F (Q) −→ R by the universal
property of the tensor product.
Define the ring homomorphism φ∞ : R −→ LF (P )(F (Q)) assigning to r ∈ R the adjointable
homomorphism φ∞(r) of F (Q) defined by φ∞(r)({qn}) = {rqn}. Notice that ϕ∞(r) defined
as ϕ∞(r)({pn}) = {pnr} is an adjoint of φ∞(r).
If for every n ∈ N0 we define φn∞ : R −→ LP⊗n(Q⊗n) as φn∞(r)(qn) = rqn, then we can write
φ∞(r) in the following matrix form
φ∞(r)({qn}) =


φ0∞(r) 0
φ1∞(r)
0 φ2∞(r)
. . .




q0
q1
q2
...

 .
Given an R-system (P,Q, ψ), for every n,m ∈ N0 with n ≤ m and q ∈ Q⊗m−n, we define
the following right R-module homomorphism
T
(n,m)
q : Q⊗n −→ Q⊗m
qn 7−→ q ⊗ qn
and the left R-module homomorphism
U
(m,n)
q : P⊗m −→ P⊗n
p1 ⊗ p2 7−→ p1ψm−n(p2 ⊗ q) ,
where p1 ∈ P⊗n and p2 ∈ P⊗m−n.
For q ∈ Q let T (n)q := T (n,n+1)q and U (n)q := U (n+1,n)q . We define the creator homomorphism
Tq : F (Q) −→ F (Q) by
Tq({qn}) := {0, T (0)q (q0), T (1)q (q1), . . .} = {0, qq0, q ⊗ q1, . . .} .
Observe that we can write Tq in the following matrix form
Tq({qn}) =


0
T
(0)
q 0
T
(1)
q 0
T
(2)
q 0
. . .
. . .




q0
q1
q2
q3
...

 .
One gets that Tq ∈ LF (P )(F (Q)) with an adjoint homomorphism Uq : F (P ) −→ F (P ) defined
by Uq({pn}) = {U (0)q (p1), U (1)p (p2), . . .} and which can be written in the matrix form
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Uq({pn}) =


0 U
(0)
q
0 U
(1)
q
0 U
(2)
q
. . .
. . .




p0
p1
p2
p3
...

 .
Similarly, for every n,m ∈ N0 with n ≤ m and given any p ∈ P⊗m−n we define the following
right R-module homomorphism
S
(n,m)
p : Q⊗m −→ Q⊗n
q1 ⊗ q2 7−→ ψm−n(p⊗ q1)q2 ,
where q1 ∈ Q⊗m−n and q2 ∈ Q⊗n, and the left R-module homomorphism
V
(n,m)
p : P⊗n −→ P⊗m
pn 7−→ pn ⊗ p.
We denote by S
(n)
p := S
(n,n+1)
p and V
(n)
p := V
(n+1,n)
p where p ∈ P , and we then define the
right R-module homomorphism Sp : F (Q) −→ F (Q) by Sp({qn}) := {S(0)p (q1), S(1)p (q2), . . .}
which can be written in the following matrix form
Sp({qn}) =


0 S
(0)
p
0 S
(1)
p
0 S
(2)
p
. . .
. . .




q0
q1
q2
q3
...

 .
One gets that Sp ∈ LF (P )(F (Q)) with an adjoint homomorphism Vp : F (P ) −→ F (P )
given by Vp({pn}) := {0, V (0)p (p0), V (1)p (p1), . . .} and with matrix form
Vp({pn}) =


0
V
(0)
p 0
V
(1)
p 0
V
(2)
p 0
. . .
. . .




p0
p1
p2
p3
...

 .
Proposition 2.5. Let R be a ring and (P,Q, ψ) an R-system. Denote by TF the map from Q
to LF (P )(F (Q)) given by q 7−→ Tq, by SF the map from P to LF (P )(F (Q)) given by p 7−→ Sp,
and by σF the map from R to LF (P )(F (Q)) given by r 7−→ φ∞(r), and let F(P,Q,ψ) be the
subring of LF (P )(F (Q)) generated by TF(Q)∪SF (P )∪σF (R). Then (SF , TF , σF ,F(P,Q,ψ))) is
a surjective covariant representation of (P,Q, ψ). This representation is injective if and only
if R is right non-degenerate.
We call (SF , TF , σF ,F(P,Q,ψ))) for the Fock space representation of (P,Q, ψ).
Proof. It is clear that the maps TF , SF and σF are linear, and that for every r ∈ R, p ∈ P
and q ∈ Q we have that
φ∞(r)Tq = Trq, Tqφ∞(r) = Tqr, φ∞(r)Sp = Srp, Spφ∞(r) = Spr,
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from which it follows that σF is a ring homomorphism and that
SF (pr) = SF(p)σF (r) , SF(rp) = σF(r)SF(p) ,
TF (rq) = σF (r)TF(q) , TF(qr) = TF(q)σF(r)
for every r ∈ R, p ∈ P and q ∈ Q.
Given any p ∈ P and q ∈ Q we have for every n ∈ N0 that S(n)p T (n)q (qn) = ψ(p ⊗ q)qn for
qn ∈ Q⊗n, and hence the composition homomorphism SpTq gives
SpTq({qn}) =


0 S
(0)
p 0
0 S
(1)
p 0
0 S
(2)
p 0
. . .
. . .
. . .




0
T
(0)
q 0
0 T
(1)
q 0
0 T
(2)
q 0
. . .
. . .




q0
q1
q2
q3
...


=


0 S
(0)
p 0
0 S
(1)
p 0
0 S
(2)
p 0
. . .
. . .
. . .




0
qq0
q ⊗ q1
q ⊗ q2
...


=


ψ(p⊗ q)q0
ψ(p⊗ q)q1
ψ(p⊗ q)q2
...

 = φ∞(ψ(p⊗ q))({qn}),
from which it follows that σF (ψ(p ⊗ q)) = SF(p)TF (q) for every p ∈ P and q ∈ Q. Thus
(SF , TF , σF ,F(P,Q,,ψ)) is a surjective covariant representation of (P,Q, ψ).
Finally it is clear that (SF , TF , σF ,F(P,Q,ψ)) is injective if and only if R is right non-
degenerate. 
Notation 2.6. Let us denote by Bop the opposite ring of B. Given a, b ∈ Bop we write a · b
for the product of a and b in Bop. Thus a · b = ba.
Remark 2.7. Let R be a ring and let (P,Q, ψ) be an R-system. We could define an anti-
representation of (P,Q, ψ) to be a quadruple (V, U, η, Bop) where B is a ring, η : R −→
Bop is an ring homomorphism, U : Q −→ Bop and V : P −→ Bop are linear maps, and
U(qr) = U(q) · η(r), U(rq) = η(r) · U(q), V (rp) = η(r) · V (p), V (pr) = V (p) · η(r) and
V (p) · U(q) = η(ψ(p ⊗ q)) for every r ∈ R, q ∈ Q and p ∈ P . If we then denoted by UF♯
the map from Q to LF (Q)(F (P )) given by q 7−→ Uq, by VF♯ the map from P to LF (Q)(F (P ))
given by p 7−→ Vp, and by ηF♯ the map from R to LF (Q)(F (P )) given by r 7−→ ϕ∞(r), then
(VF♯ , UF♯, ηF♯ , (F ♯(P,Q,ψ))op) would be an anti-representation of (P,Q, ψ), where F ♯(P,Q,ψ) is the
subring of LF (Q)(F (P )) generated by UF♯(Q) ∪ VF♯(P ) ∪ ηF♯(R)
Notice that in general the rings F(P,Q,ψ) and F ♯(P,Q,ψ) are not isomorphic. For example
if R is a right non-degenerate ring, but not a left non-degenerate ring, then if we consider
the R-system (P,Q, ψ) where P = Q = 0 and ψ is the zero homomorphism, we have that
F(P,Q,ψ) ∼= R and F ♯(P,Q,ψ) ∼= R/I where I = {r ∈ R : Rr = 0}.
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3. Relative Cuntz-Pimsner rings
The Toeplitz representation of an R-system (P,Q, ψ) is in general too big to be an attrac-
tive representation of (P,Q, ψ). We will in this section study a certain subclass of covariant
representations of (P,Q, ψ) and, for R-systems satisfying the condition (FS) defined below,
completely classify these representations up to isomorphism in C(P,Q,ψ). We begin by describ-
ing this class of representations.
Remember (cf. Theorem 1.7) that T(P,Q,ψ) comes with a S-grading ⊕(m,n)T(m,n) where S
is the semigroup defined in Definition 1.6. It will often be more convenient to work with a
Z-grading instead of this S-grading.
Proposition 3.1. Let R be a ring and let (P,Q, ψ) be an R-system. If we for k ∈ Z let
T (k)(P,Q,ψ) = ⊕(m,n)∈S, m−n=kT(m,n), then ⊕n∈ZT (n)(P,Q,ψ) is a Z-grading of T(P,Q,ψ). The grading
⊕n∈ZT (n)(P,Q,ψ) is the only Z-grading ⊕n∈ZY (n) of T(P,Q,ψ) for which ιR(R) ⊆ Y (0), ιQ(Q) ⊆ Y (1),
and ιP (P ) ⊆ Y (−1).
Proof. It easily follows from Theorem 1.7 that ⊕n∈ZT (n)(P,Q,ψ) is a Z-grading of T(P,Q,ψ) and that
ιR(R) ⊆ T (0)(P,Q,ψ), ιQ(Q) ⊆ T (1)(P,Q,ψ), and ιP (P ) ⊆ T (−1)(P,Q,ψ).
Suppose ⊕n∈ZY (n) is another Z-grading of T(P,Q,ψ) and that ιR(R) ⊆ Y (0), ιQ(Q) ⊆ Y (1), and
ιP (P ) ⊆ Y (−1). Then T (n)(P,Q,ψ) ⊆ Y (n) for each n ∈ Z from which it follows that T (n)(P,Q,ψ) = Y (n)
for each n ∈ Z. 
Proposition 3.2. Let R be a ring, (P,Q, ψ) an R-system, (S, T, σ, B) a surjective covariant
representation of (P,Q, ψ), and let η(S,T,σ,B) : T(P,Q,ψ) −→ B be the ring homomorphism from
Theorem 1.7. If ⊕n∈ZB(n) is a Z-grading of B such that σ(R) ⊆ B(0), T (Q) ⊆ B(1) and
S(P ) ⊆ B(−1), then η(S,T,σ,B)(T (n)(P,Q,ψ)) = B(n) for every n ∈ Z.
Proof. If⊕n∈ZB(n) is a Z-grading of B such that σ(R) ⊆ B(0), T (Q) ⊆ B(1) and S(P ) ⊆ B(−1),
then η(S,T,σ,B)(T (n)(P,Q,ψ)) ⊆ B(n) for every n ∈ Z. It follows that ⊕n∈Zη(S,T,σ,B)(T (n)(P,Q,ψ)) is a
Z-grading of B, and thus that η(S,T,σ,B)(T (n)(P,Q,ψ)) = B(n) for every n ∈ Z. 
Definition 3.3. Let R be a ring and (P,Q, ψ) an R-system. A surjective covariant represen-
tation (S, T, σ, B) of (P,Q, ψ) is graded if there exists a Z-grading ⊕n∈ZB(n) of B such that
σ(R) ⊆ B(0), T (Q) ⊆ B(1), and S(P ) ⊆ B(−1).
The aim of this section is to classify all surjective, injective and graded representations of
an R-system. Unfortunately, we do not know how to do that for general R-systems, but only
for R-systems satisfying a condition we have chosen to call (FS) and which is defined below.
This condition is probably not the optimal one, but many interesting examples do satisfy this
condition.
3.1. Condition (FS). We will now introduce the condition (FS) and show some fundamen-
tal results for R-systems satisfying this condition.
Definition 3.4. Let R be a ring. An R-system (P,Q, ψ) is said to satisfy condition (FS)
if for every finite set {q1, . . . , qn} ⊆ Q and {p1, . . . , pm} ⊆ P there exist Θ ∈ FP (Q) and
∆ ∈ FQ(P ) such that Θ(qi) = qi and ∆(pj) = pj for every i = 1, . . . , n and j = 1, . . . , m
respectively.
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Example 3.5. Observe that condition (FS) appears in a natural context. Let Q be an
R-bimodule such that QR is a finitely generated projective right R-module. Then define
P := Q∗ = HomR(QR, R). We then have that P is an R-bimodule such that RP is a finitely
generated projective left R-module with P ∗ = Q∗∗ = Q. Therefore we can define
ψ : P ⊗R Q −→ R
f ⊗ q 7−→ f(q).
Observe that by the Dual Basis Lemma there exist q1, . . . , qn ∈ Q and f1, . . . , fn ∈ P such
that
∑n
i=1 qifi(q) = q for every q ∈ Q. Dually and since P ∗ = Q, there exist p1, . . . , pm ∈ Q
and g1, . . . , gm ∈ P ∗ = Q such that
∑m
j=1 gj(p)pj = p for every p ∈ P , from where condition
(FS) follows.
Definition 3.6. Let R be a ring. An R-system (P,Q, ψ) is non-degenerate if whenever
ψ(p ⊗ q) = 0 for every p ∈ P then q = 0, and whenever ψ(p ⊗ q) = 0 for every q ∈ Q then
p = 0.
Notice that if (P,Q, ψ) is non-degenerate then every T ∈ LP (Q) has a unique adjoint.
Lemma 3.7. Let R be a ring and (P,Q, ψ) an R-system satisfying condition (FS). Then
(P,Q, ψ) is non-degenerate.
Proof. Let ψ(p⊗q) = 0 for every p ∈ P . Then by condition (FS) there exists Θ =∑ni=1 θqi,pi ∈
FP (Q) such that q = Θ(q) =
∑n
i=1 θqi,pi(q) =
∑n
i=1 qiψ(pi ⊗ q) = 0. Thus (P,Q, ψ) is non-
degenerate. 
Observe that if R is right non-degenerate then ψ0 : P
⊗0 ⊗ Q⊗0 −→ R is non-degenerate.
For general n ∈ N we need the condition (FS).
Lemma 3.8. Let R be a ring and (P,Q, ψ) an R-system satisfying condition (FS). For every
n ∈ N we have that the R-system (P⊗n, Q⊗n, ψn) satisfies condition (FS).
Proof. We will prove by induction that ψn : P
⊗n ⊗ Q⊗n −→ R satisfies condition (FS) for
every n ∈ N. By hypothesis (P,Q, ψ) satisfies (FS). Now suppose that (P⊗n−1, Q⊗n−1, ψn−1)
satisfies condition (FS). Let q11⊗q21, . . . , q1m⊗q2m ∈ Q⊗n where q11 , . . . , q1m ∈ Q and q21, . . . , q2m ∈
Q⊗n−1. Since (P,Q, ψ) satisfies condition (FS) there exists Θ1 =
∑l
j=1 θaj ,bj ∈ FP (Q) with
aj ∈ Q and bj ∈ P for every j = 1, . . . , l such that Θ1(q1i ) = q1i for every i = 1, . . . , m.
Now since (P⊗n−1, Qn−1, ψn−1) satisfies condition (FS), by induction hypothesis, there exists
Θ2 =
∑t
k=1 θck,dk ∈ FP⊗n−1(Q⊗n−1) with ck ∈ Q⊗n−1 and dk ∈ P⊗n−1 for every k = 1, . . . , t
such that Θ2(ψ(bj⊗q1i )q2i ) = ψ(bj⊗q1i )q2i for every i = 1, . . . , m and j = 1, . . . , l. Then define
Θ =
l∑
j=1
t∑
k=1
θaj⊗ck,dk⊗bj ∈ FP⊗n(Q⊗n) .
It is then straightforward to check that Θ(q1i ⊗ q2i ) = q1i ⊗ q2i for every i = 1, . . . , m =.
Therefore (P⊗n, Q⊗n, ψn) satisfies condition (FS). 
Lemma 3.9. Let R be a ring and let (S, T, σ, B) be a covariant representation of a R-system
(P,Q, ψ) satisfying condition (FS). If σ is injective, then so are T n and Sn for every n ∈ N.
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Proof. Let q ∈ Q⊗n such that T n(q) = 0. Then for every p ∈ P⊗n we have that 0 =
Sn(p)T n(q) = σ(ψn(p ⊗ q)), and since σ is injective, it follows that ψn(p ⊗ q) = 0 for every
p ∈ P⊗n, and it then follows from the non-degeneracy of ψn (cf. Lemma 3.7 and 3.8) that
q = 0. Similarly one can check that Sn is injective. 
Definition 3.10. Let R be a ring and (P,Q, ψ) an R-system. We define the ring homomor-
phism ∆ : R −→ EndR(QR) and the ring homomorphism Γ : R −→ EndR(RP )op by
∆(r)(q) = rq , Γ(r)(p) = pr
for r ∈ R, p ∈ P and q ∈ Q.
Notice that for every r ∈ R we have that Γ(r) is the adjoint of ∆(r), and thus that
∆(r) ∈ LP (Q) and Γ(r) ∈ LQ(P ).
Proposition 3.11 (Cf. [15, Lemma 2.2] and [20]). Let R be a ring and (P,Q, ψ) an R-system
satisfying condition (FS) and let (S, T, σ, B) be a covariant representation of (P,Q, ψ). Then
there exist a unique ring homomorphism piT,S : FP (Q) −→ B such that piT,S(θq,p) = T (q)S(p)
for p ∈ P and q ∈ Q, and a unique ring homomorphism χS,T : FQ(P ) −→ Bop such that
χS,T (θp,q) = S(p) · T (q) for p ∈ P and q ∈ Q. These maps satisfy
piT,S(∆(r)Θ) = σ(r)piT,S(Θ) piT,S(Θ∆(r)) = piT,S(Θ)σ(r)
χS,T (Γ(r)Ω) = σ(r) · χS,T (Ω) χS,T (ΩΓ(r)) = χS,T (Ω) · σ(r)
piT,S(Θ)T (q) = T (Θ(q)) S(p) · χS,T (Ω) = S(Ω(p))
for r ∈ R, p ∈ P , q ∈ Q, Ω ∈ FQ(P ) and Θ ∈ FP (Q). If Ω ∈ FQ(P ) is the adjoint of Θ ∈
FP (Q), then piT,S(Θ) = χS,T (Ω). Moreover piT,S(FP (Q)) = χS,T (FQ(P )) = span{T (q)S(p) :
q ∈ Q, p ∈ P}, and if σ is injective, then piT,S and χS,T are injective too.
Proof. Since FP (Q) = span{θq,p : p ∈ P, q ∈ Q}, there can at most be one ring homomor-
phism from FP (Q) to B which for all p ∈ P and q ∈ Q sends θq,p to T (q)S(p).
Assume p1, p2, . . . , pn ∈ P , q1, q2, . . . , qn ∈ Q and
∑n
i=1 θqi,pi = 0. Then
∑n
i=1 qiψ(pi⊗z) = 0
for every z ∈ Q. By condition (FS) there exists Θ =∑kj=1 θej ,fj ∈ FQ(P ) such that
Θ(pi) =
k∑
j=1
θej ,fj(pi) =
k∑
j=1
ψ(pi ⊗ fj)ej = pi
for every i = 1, . . . , n. We then have that
n∑
i=1
T (qi)S(pi) =
n∑
i=1
T (qi)S
(
Θ(pi)
)
=
n∑
i=1
T (qi)S
(
k∑
j=1
ψ(pi ⊗ fj)ej
)
=
n∑
i=1
k∑
j=1
T
(
qiψ(pi ⊗ fj)
)
S(ej) =
k∑
j=1
T
(
n∑
i=1
qiψ(pi ⊗ fj)
)
S(ej) = 0,
since
∑n
i=1 qiψ(pi ⊗ fj) = 0 for every j = 1, . . . , k. Thus there exists a linear map piT,S :
FP (Q) −→ B which for p ∈ P and q ∈ Q sends θq,p to T (q)S(p).
Let r ∈ R, p ∈ P and q ∈ Q. Then we have
piT,S(∆(r)θq,p) = piT,S(θrq,p) = T (rq)S(p) = σ(r)T (q)S(p) = σ(r)piT,S(θq,p),
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from which it follows that piT,S(∆(r)Θ) = σ(r)piT,S(Θ) for every Θ ∈ FP (Q). One can in a
similar way show that piT,S(Θ∆(r)) = piT,S(Θ)σ(r) for every Θ ∈ FP (Q).
Let p ∈ P and q, q′ ∈ Q. Then we have
piT,S(θq,p)T (q
′) = T (q)S(p)T (q′) = T (q)σ
(
ψ(p⊗ q′)) = T (qψ(p⊗ q′)) = T (θq,p(q′))
from which it follows that piT,S(Θ)T (q
′) = T (Θ(q′)) for all Θ ∈ FP (Q).
If p ∈ P , q ∈ Q and Θ ∈ FP (Q), then we have
piT,S(Θ)piT,S(θq,p) = piT,S(Θ)T (q)S(p) = T
(
Θ(q)
)
S(p) = piT,S(θΘ(q),p) = piT,S(Θθq,p)
from which it follows that piT,S(Θ)piT,S(Θ
′) = piT,S(ΘΘ
′) for all Θ′ ∈ FP (Q). Thus piT,S is a
ring homomorphism.
Now suppose that σ : R −→ B is injective and let∑ni=1 θqi,pi ∈ FP (Q) with piT,S(∑ni=1 θqi,pi) =∑n
i=1 T (qi)S(pi) = 0. Then for every p ∈ P and q ∈ Q we have that
0 = S(p)
(
n∑
i=1
T (qi)S(pi)
)
T (q) = σ
(
n∑
i=1
ψ(p⊗ qi)ψ(pi ⊗ q)
)
.
Since σ is injective it follows that
∑n
i=1 ψ(p⊗qi)ψ(pi⊗q) = ψ(p⊗
∑n
i=1 qiψ(pi⊗q)) = 0 for every
p ∈ P and q ∈ Q. By Lemma 3.7 ψ is non-degenerate, so it follows that∑ni=1 qiψ(pi⊗ q) = 0
for every q ∈ Q. Thus ∑ni=1 θqi,pi = 0 which proves that piT,S is injective.
The existence and uniqueness of χS,T and that χS,T is a ring homomorphism and has the
properties χS,T (Γ(r)Ω) = σ(r) · χS,T (Ω), χS,T (ΩΓ(r)) = χS,T (Ω) · σ(r) and S(p) · χS,T (Ω) =
S(Ω(p)) for r ∈ R, p ∈ P and Ω ∈ FQ(P ), and that χS,T is injective if σ is injective, can be
proved in a similar way.
If p ∈ P and q ∈ Q, then θp,q is the adjoint of θq,p and piT,S(θq,p) = T (q)S(p) = S(p) ·T (q) =
χS,T (θp,q). It follows that if Ω ∈ FQ(P ) is the adjoint of Θ ∈ FP (Q), then piT,S(Θ) = χS,T (Ω).
Finally we see that piT,S(FP (Q)) = span{T (q)S(p) : p ∈ P, q ∈ Q} = χS,T (FQ(P )). 
Notation 3.12. To avoid too heavy notation, we will often when working with a given R-
system (P,Q, ψ) satisfying condition (FS) let pi denote piιnQ,ιnP and let χ denote χιnP ,ιnQ for any
n ∈ N. We will then view pi as a map from ⋃n∈NFP⊗n(Q⊗n) to T(P,Q,ψ) and χ as a map from⋃
n∈NFQ⊗n(P⊗n) to T op(P,Q,ψ).
Remark 3.13. Let R be a ring and (P,Q, ψ) an R-system satisfying condition (FS). If
(S1, T1, σ1, B1) and (S2, T2, σ2, B2) are two covariant representations of (P,Q, ψ) and φ :
B1 −→ B2 is a ring homomorphism such that φ ◦ T1 = T2, φ ◦ S1 = S2 and φ ◦ σ1 = σ2, then
φ ◦ piT1,S1 = piT2,S2 and φ ◦ χS1,T1 = χS2,T2.
3.2. Cuntz-Pimsner invariant representations. As already mentioned, the aim of this
section is to classify all injective and graded representation of an R-system satisfying condition
(FS). We will now for a given R-system (P,Q, ψ) satisfying condition (FS) construct a family
of surjective, injective and graded representation of (P,Q, ψ). We will later show that up to
isomorphism this family of surjective, injective and graded representation of (P,Q, ψ) contains
all surjective, injective and graded representation of (P,Q, ψ).
Definition 3.14. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
We say that a two-sided ideal J of R is ψ-compatible if J ⊆ ∆−1(FP (Q)), and we say that a
ψ-compatible two-sided ideal J of R is faithful if J ∩ ker∆ = {0}.
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Definition 3.15. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
For a ψ-compatible two-sided ideal J of R, we define T (J) to be the minimal two-sided ideal
of T(P,Q,ψ) that contains {ιR(x)− pi(∆(x)) | x ∈ J}.
Definition 3.16 (Cf. [10, Proposition 1.3] and [18, Proposition 2.18]). Let R be a ring, let
(P,Q, ψ) be an R-system satisfying condition (FS) and let J be a ψ-compatible two-sided
ideal of R. We define the Cuntz-Pimsner ring relative to the ideal J to be the quotient ring
O(P,Q,ψ)(J) := T(P,Q,ψ)/T (J). We denote by ρJ the quotient map ρJ : T(P,Q,ψ) −→ O(P,Q,ψ)(J).
Definition 3.17 (Cf. [10, Definition 1.1]). Let R be a ring, let (P,Q, ψ) be an R-system
satisfying condition (FS) and let J be a ψ-compatible two-sided ideal of R. A covariant
representation (S, T, σ, B) of (P,Q, ψ) is said to be Cuntz-Pimsner invariant representation
relative to J if piT,S(∆(x)) = σ(x) for every x ∈ J .
The following theorem gives a complete characterization of O(P,Q,ψ)(J).
Theorem 3.18 (Cf. [10, Proposition 1.3]). Let R be a ring, let (P,Q, ψ) be an R-system
satisfying condition (FS) and let J be a ψ-compatible two-sided ideal of R. Let ιJR := ρJ ◦ ιR,
ιJQ := ρJ ◦ ιQ and ιJP := ρJ ◦ ιP . Then (ιJP , ιJQ, ιJR,O(P,Q,ψ)(J)) is a surjective covariant
representation of (P,Q, ψ) which is Cuntz-Pimsner invariant representation relative to J
with the following property:
(CP) If (S, T, σ, B) is a covariant representation of (P,Q, ψ) which is Cuntz-Pimsner in-
variant relative to J , then there exists a unique ring homomorphism
ηJ(S,T,σ,B) : O(P,Q,ψ)(J) −→ B
such that ηJ(S,T,σ,B) ◦ ιJR = σ, ηJ(S,T,σ,B) ◦ ιJQ = T and ηJ(S,T,σ,B) ◦ ιJP = S.
The representation (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) is the, up to isomorphism in C(P,Q,ψ), unique sur-
jective covariant representation of (P,Q, ψ) which is Cuntz-Pimsner invariant representation
relative to J and which possesses the property (CP); in fact if (S, T, σ, B) is a surjective co-
variant representation of (P,Q, ψ) which is Cuntz-Pimsner invariant representation relative
to J and φ : B −→ O(P,Q,ψ)(J) is a ring homomorphism such that φ ◦ σ = ιJR, φ ◦ S = ιJP and
φ ◦ T = ιJQ, then φ is an isomorphism.
We have moreover that the ring homomorphism ιJR is injective if and only if J is faithful,
and that the representation (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) is graded.
We call (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) the Cuntz-Pimsner representation of (P,Q, ψ) relative to
J .
Remark 3.19. If we for a ring R, an R-system (P,Q, ψ) satisfying condition (FS), and a
ψ-compatible two-sided ideal J of R, let CJ(P,Q,ψ) be the subcategory of C(P,Q,ψ) consisting of
all surjective covariant representation of (P,Q, ψ) which are Cuntz-Pimsner invariant rep-
resentation relative to J , then it follows from Theorem 3.18 that (ιJP , ι
J
Q, ι
J
R,OJ(P,Q,ψ)) is an
initial object in CJ(P,Q,ψ).
To prove Theorem 3.18 we need a definition, a lemma and a proposition:
Definition 3.20. Let R be a ring, let (P,Q, ψ) be an R-system and let (S, T, σ, B) be a
surjective and graded covariant representation of (P,Q, ψ). It follows from Proposition 3.2
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and Definition 3.3 that there is a unique Z-grading ⊕n∈ZB(n) of B such that σ(R) ⊆ B(0),
T (Q) ⊆ B(1) and S(P ) ⊆ B(−1).
A two-sided ideal I of B is said to be graded if ⊕n∈ZI(n) is a Z-grading of I where I(n) :=
I∩B(n) for each n ∈ Z. It is not difficult to show that in this case ⊕n∈Z℘I(B(n)) is a Z-grading
of the quotient ring B/I where ℘I denotes the quotient map from B to B/I and that the
covariant representation (SI , TI , σI , B/I) where TI := ℘I ◦ T , SI = ℘I ◦ S and σI = ℘I ◦ σ, is
graded.
For (m,n) ∈ S let P(m,n) denote the projection of T(P,Q,ψ) onto T(m,n) given by the S-grading
⊕(k,l)∈ST(k,l) (cf. Theorem 1.7).
Lemma 3.21 (Cf. [18, Lemma 2.20]). Let R be a ring, let be (P,Q, ψ) an R-system satisfying
condition (FS) and let J be a ψ-compatible two-sided ideal of R. For n ∈ N let
T (n)(J) = span
(
{ιkQ(q)
(
ιR(x)− pi(∆(x))
)
ιlP (p) : x ∈ J, q ∈ Q⊗k, p ∈ P⊗l,
k, l ∈ N with k − l = n} ∪ {ιkQ(q)
(
ιR(x)− pi(∆(x))
)
: x ∈ J, q ∈ Q⊗n}
)
and
T (−n)(J) = span
(
{ιkQ(q)
(
ιR(x)− pi(∆(x))
)
ιlP (p) : x ∈ J, q ∈ Q⊗k, p ∈ P⊗l,
k, l ∈ N with l − k = n} ∪ {(ιR(x)− pi(∆(x)))ιP (p) : x ∈ J, p ∈ P⊗n}),
and let
T (0)(J) = span
(
{ιkQ(q)
(
ιR(x)− pi(∆(x))
)
ιkP (p) : x ∈ J, q ∈ Q⊗k, p ∈ P⊗k, k ∈ N}
∪ {ιR(x)− pi(∆(x)) : x ∈ J}
)
.
Then we have that T (m)(J) = T (m)(P,Q,ψ) ∩ T (J) for each m ∈ Z, and that ⊕m∈ZT (m)(J) is a
Z-grading of T (J). Thus T (J) is a graded two-sided ideal of T(P,Q,ψ).
We furthermore have that the following holds for every x ∈ T (J):
(1) P(0,0)(x) ∈ ιR(J),
(2) there exists an n ∈ N such that xιmQ (q) = 0 for every m ≥ n and every q ∈ Q⊗m.
Proof. It is clear that T (m)(J) ⊆ T (m)(P,Q,ψ) ∩ T (J) for each m ∈ Z. It is also clear that
⊕m∈Z(T (m)(P,Q,ψ) ∩ T (J)) ⊆ T (J).
If x ∈ J , q ∈ Q and p ∈ P , then we have that
(3.1)
(
ιR(x)− pi(∆(x))
)
ιQ(q) = ιQ(xq)− ιQ(∆(x)q) = ιQ(xq)− ιQ(xq) = 0,
and that
ιP (p)
(
ιR(x)− pi(∆(x))
)
= ιP (p)
(
ιR(x)− χ(Γ(x))
)
= ιP (px)− ιP (Γ(x)p) = ιP (px)− ιP (px) = 0,
from which it follows that ⊕m∈ZT (m)(J) is a two-sided ideal of T(P,Q,ψ). Since {ιR(x) −
pi(∆(x)) : x ∈ J} ⊆ T (0)(J), it follows that T (J) ⊆ ⊕m∈ZT (m)(J). Thus we have that
(3.2) ⊕m∈Z T (m)(J) = T (J)
and that T (m)(J) = T (m)(P,Q,ψ) ∩ T (J) for each m ∈ Z.
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Let x ∈ T (J). That (1) holds directly follows from (3.2), and that (2) holds directly follows
from (3.1) and (3.2). 
Proposition 3.22 (Cf. [18, Proposition 2.21]). Let R be a ring, let (P,Q, ψ) be an R-system
satisfying condition (FS) and let J be a faithful ψ-compatible two-sided ideal of R. Then the
ring homomorphism ρ : R −→ T(P,Q,ψ)/T (J) given by ρ(r) = ιR(r) + T (J) is injective.
Proof. Assume that r ∈ R and that ιR(r) ∈ T (J). It follows from Lemma 3.21 that there
exists an n ∈ N such that ιR(r)ιmQ (q) = 0 for every m ≥ n and every q ∈ Q⊗m. We will
show that we can choose n to be equal to 1. We will do that by showing that if n > 1 and
ιR(r)ι
n
Q(q) = 0 for every q ∈ Q⊗n, then ιR(r)ιn−1Q (q) = 0 for every q ∈ Q⊗n−1. So assume that
n > 1 and ιR(r)ι
n
Q(q) = 0 for every q ∈ Q⊗n. Let q ∈ Q⊗n−1, then we have that for every
q′ ∈ Q
ιnQ(rq ⊗ q′) = ιR(r)ιnQ(q ⊗ q′) = 0.
Since ιnQ is injective (cf. Lemma 3.9), it follows that rq ⊗ q′ = 0. Hence for every p ∈ P⊗n−1
and every p′ ∈ P we have that
ψ
(
p′ ⊗ ψn−1(p⊗ rq)q′
)
= ψn
(
(p′ ⊗ p)⊗ (rq ⊗ q′)) = 0.
The above holds for every p′ ∈ P , so by Lemma 3.7 we have that
ψn−1(p⊗ rq)q′ = 0.
Since the last equation holds for every q′ ∈ Q, it follows that ψn−1(p⊗ rq) ∈ ker∆ for every
p ∈ P⊗n−1. We have that ιn−1P (p)ιR(r)ιn−1Q (q) ∈ T (J), so it follows from Lemma 3.21 that
ιR(ψn−1(p⊗ rq)) = P0(ιn−1P (p)ιR(r)ιn−1Q (q)) ∈ ιR(J).
Thus ψn−1(p⊗ rq) ∈ J ∩ker∆ = {0} for all p ∈ P n−1, so by Lemma 3.7 and 3.8 we have that
rq = 0. Hence ιR(r)ι
n−1
Q (q) = 0.
Thus ιQ(∆(r)q) = ιR(r)ιQ(q) = 0 for every q ∈ Q. From the injectivity of ιQ (cf. Lemma
3.9) it follows that r ∈ ker∆. Then by Lemma 3.21 we have that ιR(r) = P(0,0)(ιR(r)) ∈ ιR(J).
Therefore r ∈ J ∩ ker∆ = {0}, which shows that r = 0 as desired. 
It follows from Lemma 3.21 and Proposition 3.22 that if R is a ring, (P,Q, ψ) is an R-system
satisfying condition (FS) and J is a faithful ψ-compatible two-sided ideal of R, then T (J)
is a graded two-sided ideal of T(P,Q,ψ) which satisfies that ιR(R) ∩ T (J) = {0}. We will show
(see Remark 4.1) that every graded two-sided ideal I of T(P,Q,ψ) such that ιR(R) ∩ I = {0} is
of this form.
Proof of Theorem 3.18. It is clear that (ιJP , ι
J
Q, ι
J
R,OJ(P,Q,ψ)) is a covariant representation of
(P,Q, ψ) which is Cuntz-Pimsner invariant representation relative to J , and that it possesses
property (CP) follows from Theorem 1.7 and the definition of T (J) and (ιJP , ιJQ, ιJR,OJ(P,Q,ψ)).
If (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) which is Cuntz-Pimsner
invariant representation relative to J and φ : B −→ O(P,Q,ψ)(J) is a ring homomorphism such
that φ ◦ σ = ιJR, φ ◦ S = ιJP and φ ◦ T = ιJQ, then ηJ(S,T,σ,B) ◦ φ(σ(r)) = σ(r) for all r ∈ R,
ηJ(S,T,σ,B) ◦φ(S(p)) = S(p) for all p ∈ P and ηJ(S,T,σ,B) ◦φ(T (q)) = T (q) for all q ∈ Q, and since
B is generated by σ(R) ∪ S(P ) ∪ T (Q), it follows that ηJ(S,T,σ,B) ◦ φ is equal to the identity
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map of B. One can in a similar way show that φ ◦ ηJ(S,T,σ,B) is equal to the identity map of
O(P,Q,ψ)(J). Thus φ and ηJ(S,T,σ,B) are each other inverse, and φ is an isomorphism.
If J is faithful, then it follows from Proposition 3.22 that ιJR is injective. If x ∈ J ∩ ker∆,
then ιJR(x) = 0; so if J is not faithful, then ι
J
R is not injective.
It follows directly from Lemma 3.21 that (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) is graded. 
3.3. Injective and graded covariant representations. Let R be a ring and (P,Q, ψ)
an R-system which satisfies condition (FS). We will, as mentioned at previously, show that
every surjective, injective and graded covariant representations of (P,Q, ψ) is isomorphic to
(ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) for some faithful ψ-compatible two-sided ideal J of R.
Definition 3.23. Let R be a ring, (P,Q, ψ) an R-system satisfying condition (FS) and let
(S, T, σ, B) be a covariant representation of (P,Q, ψ). We define
J(S,T,σ,B) := {r ∈ R : σ(r) ∈ piT,S(FP (Q))}.
Lemma 3.24 (Cf. [13, Proposition 3.3]). Let R be a ring and let (S, T, σ, B) be an injective
covariant representation of an R-system (P,Q, ψ) that satisfies condition (FS). Then r ∈ R
is in J(S,T,σ,B) if and only if r ∈ ∆−1(FP (Q)) and σ(r) = piT,S(∆(r)).
Proof. It is obvious that if r ∈ ∆−1(FP (Q)) and σ(r) = piT,S(∆(r)), then r ∈ J(S,T,σ,B).
If Θ ∈ FP (Q) and σ(r) = piT,S(Θ), then we have for every q ∈ Q that
T (rq) = σ(r)T (q) = piT,S(Θ)T (q) = T (Θ(q)),
and since T is injective (cf. Lemma 3.9 and 3.7), it follows that rq = Θ(q). Hence ∆(r) =
Θ. 
Remark 3.25. Let R be a ring, (P,Q, ψ) an R-system satisfying condition (FS), let J be a
ψ-compatible two-sided ideal of R, and let (S, T, σ, B) be an injective covariant representation
of (P,Q, ψ). Then it follows from Lemma 3.24 that (S, T, σ, B) is Cuntz-Pimsner invariant
with respect to J if and only if J ⊆ J(S,T,σ,B).
Lemma 3.26. Let R be a ring, (P,Q, ψ) an R-system satisfying condition (FS) and let
(S, T, σ, B) be a covariant representation of (P,Q, ψ). Then J(S,T,σ,B) is a ψ-compatible two-
sided ideal of R. If (S, T, σ, B) is injective, then J(S,T,σ,B) is faithful.
Proof. It easily follows from Proposition 3.11 that J(S,T,σ,B) is a two-sided ideal of R and it
is ψ-compatible by construction. If x ∈ J(S,T,σ,B) ∩ ker∆ and (S, T, σ, B) is injective, then it
follows from Lemma 3.24 that σ(x) = piT,S(∆(x)) = 0, and since σ is injective, it follows that
x = 0. Thus J(S,T,σ,B) is faithful if (S, T, σ, B) is injective. 
Notation 3.27. To avoid too heavy notation, we will often when working with a given R-
system (P,Q, ψ) satisfying condition (FS) and a faithful ψ-compatible two-sided ideal J of R,
let piJ denote pi(ιJQ)n,(ιJP )n for any n ∈ N. We will then view pi as a map from
⋃
n∈NFP⊗n(Q⊗n)
to O(P,Q,ψ)(J).
Proposition 3.28. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let J be a faithful ψ-compatible two-sided ideal of R. Then J = J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)).
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Proof. If x ∈ J , then ιJR(x) = piJ(∆(x)) ∈ piJ(FP (Q)), and so x ∈ J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)).
If x ∈ J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)), then it follows from Lemma 3.24 that x ∈ ∆−1(FP (Q)) and
ιJR(x) = pi
J(∆(x)). So ιR(x) − pi(∆(x)) ∈ T (J), and we then get from Lemma 3.21 that
ιR(x) = P(0,0)(ιR(x)− pi(∆(x))) ∈ ιR(J), and thus that x ∈ J . 
We are now ready to show that every surjective, injective and graded covariant representa-
tion of anR-system (P,Q, ψ) satisfying condition (FS) is isomorphic to (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J))
for some faithful ψ-compatible two-sided ideal J of R.
Theorem 3.29. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS),
let J be a two-sided ideal of R such that J ⊆ ∆−1(FP (Q)) and J ∩ ker∆ = {0}, and let
(S, T, σ, B) be a covariant representation of (P,Q, ψ). Then we have:
(1) If there exists a ring homomorphism η : O(P,Q,ψ)(J) −→ B such that η ◦ ιJQ = T ,
η ◦ ιJP = S and η ◦ ιJR = σ, then the representation (S, T, σ, B) is Cuntz-Pimsner
invariant with respect to J .
(2) If the representation (S, T, σ, B) is Cuntz-Pimsner invariant with respect to J , then
there exists a unique ring homomorphism ηJ(S,T,σ,B) : O(P,Q,ψ)(J) −→ B such that
ηJ(S,T,σ,B) ◦ ιJQ = T , ηJ(S,T,σ,B) ◦ ιJP = S and ηJ(S,T,σ,B) ◦ ιJR = σ.
(3) If the representation (S, T, σ, B) is Cuntz-Pimsner invariant with respect to J , then
there the ring homomorphism η(S,T,σ,B) is an isomorphism if and only if (S, T, σ, B) is
surjective, injective and graded and J = J(S,T,σ,B).
For the proof of Theorem 3.29 we need some lemmas, but before we introduce them, let
us notice that the promised classification of all surjective, injective and graded covariant
representations of a given R-system (P,Q, ψ) satisfying condition (FS) follows from Lemma
3.26 and Theorem 3.29.
Remark 3.30. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
It follows from Lemma 3.26 and Theorem 3.29 that every surjective, injective and graded
covariant representation of (P,Q, ψ) is isomorphic to (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) for some faithful
ψ-compatible two-sided ideal J of R. And it follows from Remark 3.13 and Proposition 3.28
that if J1 and J2 are two faithful ψ-compatible two-sided ideals of R, then there exists a ring
homomorphism φ from O(P,Q,ψ)(J1) to O(P,Q,ψ)(J2) satisfying φ ◦ ιJ1Q = ιJ2Q , φ ◦ ιJ1P = ιJ2P and
φ ◦ ιJ1R = ιJ2R if and only if J1 ⊆ J2.
We will now introduce and prove the lemmas which we will use in the proof of Theorem
3.29.
Lemma 3.31. Let R be a ring and (P,Q, ψ) an R-system. Let n ∈ N and T ∈ LP⊗n(Q⊗n).
Then there is a unique T ⊗ 1Q ∈ LP⊗n+1(Q⊗n+1) such that (T ⊗ 1Q)(q ⊗ q′) = T (q)⊗ q′ for
q ∈ Q⊗n and q′ ∈ Q.
Proof. It easily follows from the universal property of tensor products that their exists a
unique map T ⊗ 1Q : Q⊗n+1 −→ Q⊗n+1 which for all q ∈ Q⊗n and q′ ∈ Q maps q ⊗ q′ to
T (q)⊗q′. Likewise, if S denote an adjoint of T , then there is a unique map 1P⊗S : P⊗n+1 −→
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P⊗n+1 which for all p ∈ P⊗n and p′ ∈ P maps p′ ⊗ p to p′ ⊗ S(p). We have
ψn+1
(
(p′ ⊗ p)⊗ (T (q)⊗ q′)) = ψ(p′ψn(p⊗ T (q))⊗ q′) = ψ(p′ψn(S(p)⊗ q)⊗ q′)
= ψn+1
(
(p′ ⊗ S(p))⊗ (q ⊗ q′))
for p′ ∈ P , p ∈ P⊗n, q′ ∈ Q and q ∈ Q⊗n, from which it follows that 1P ⊗ S it an adjoint of
T ⊗ 1Q and thus that T ⊗ 1Q ∈ LP⊗n+1(Q⊗n+1) (and 1P ⊗ S ∈ LQn+1(P n+1)). 
The following abuse of notation will be convenient in the following.
Notation 3.32. Let R be a ring and (P,Q, ψ) an R-system. If n = 0, then we will on
occasions let FP⊗n(Q⊗n) denote R, and we will for T ∈ LP⊗n(Q⊗n) use T ⊗ 1Q to denote
∆(T ).
Lemma 3.33. Let R be a ring, (P,Q, ψ) an R-system satisfying condition (FS), let (S, T, σ, B)
a covariant representation and let n ∈ N0. Then
piTn+1,Sn+1
(
(Θ1 ⊗ 1Q)Θ2
)
= piTn,Sn(Θ1)piTn+1,Sn+1(Θ2)
for Θ1 ∈ FP⊗n(Q⊗n) and Θ2 ∈ FP⊗n+1(Q⊗n+1).
Proof. If n = 0, then the result follows directly from Proposition 3.11. Assume that n ∈ N.
It is enough to prove the lemma in the case where Θ2 = θq⊗q′,p and q ∈ Q⊗n, q′ ∈ Q and
p ∈ P⊗n+1. In that case (Θ1⊗1Q)θq⊗q′,p = θΘ1(q)⊗q′,p, so it follows from Proposition 3.11 that
piTn+1,Sn+1
(
(Θ1 ⊗ 1Q)θq⊗q′,p
)
= piTn+1,Sn+1(θΘ1(q)⊗q′,p) = T (Θ1(q)⊗ q′)S(p)
= T
(
Θ1(q)
)
T (q′)S(p) = piTn,Sn(Θ1)T (q)T (q
′)S(p)
= piTn,Sn(Θ1)T (q ⊗ q′)S(p) = piTn,Sn(Θ1)piTn+1,Sn+1(θΘ1(q)⊗q′,p).

Lemma 3.34. Let R be a ring, let (P,Q, ψ) be an R-system, let (S, T, σ, B) be a surjective
and graded covariant representation of (P,Q, ψ) and let H be a two-sided ideal of B. If H
is generated as a two-sided ideal of B by H ∩ B(0), then H is graded. If (P,Q, ψ) satisfies
condition (FS) and H is graded, then H is generated as a two-sided ideal of B by H ∩B(0).
Proof. For each n ∈ Z \ {0} let
H(n) = span
(⋃
m∈Z
{yxz | y ∈ B(m), x ∈ H ∩ B(0), z ∈ B(n−m)}
∪ {xz | x ∈ H ∩B(0), z ∈ B(n)} ∪ {yx | y ∈ B(n), x ∈ H ∩B(0)}
)
,
and let
H(0) = H ∩B(0).
Then H(n) ⊆ B(n) for all n ∈ Z, and it is not difficult to show that ⊕n∈ZH(n) is a graded
two-sided ideal of B which contains H ∩B(0), and that every two-sided of B which contains
H∩B(0) also contains ⊕n∈ZH(n). So ifH is generated by H∩B(0), then it is equal to ⊕n∈ZH(n)
and thus graded.
For the last assertion assume that H is graded and that (P,Q, ψ) satisfies condition (FS).
We will show that H = ⊕n∈ZH(n). Since H is graded it is enough to show that if n ∈ Z and
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x ∈ H ∩ B(n), then x ∈ H(n). If n > 0 and x ∈ H ∩ B(n), then there exists q0, q1, q2, . . . , qk ∈
Q⊗n and y1, y2, . . . , yk ∈ B(0) such that x = T n(q0)+
∑k
i=1 T
n(qi)yi. It follows from Lemma 3.8
that there exist q′1, q
′
2, . . . , q
′
l ∈ Q⊗n and p′1, p′2, . . . , p′l ∈ P⊗n such that
∑l
j=1 q
′
jψn(p
′
j⊗qi) = qi
for i ∈ {0, 1, 2, . . . , k}. We then have that
l∑
j=1
T n(q′j)S
n(p′j)x =
l∑
j=1
T n(q′j)S
n(p′j)T
n(q0) +
k∑
i=1
l∑
j=1
T n(q′j)S
n(p′j)T
n(qi)yi
= T n(q0) +
k∑
i=1
T n(qi)yi = x ,
and that Sn(p′j)x ∈ H(0) for every j ∈ {1, 2, . . . , l}, from which it follows that x ∈ H(n). One
can in a similar way show that if n < 0 and x ∈ H ∩ B(n), then x ∈ H(n). Thus we have for
all n ∈ Z that if x ∈ H ∩B(n), then x ∈ H(n), from which it follows that H = ⊕n∈ZH(n). 
Lemma 3.35. Let R be a ring, (P,Q, ψ) an R-system satisfying condition (FS) and let H
be a two-sided ideal of T(P,Q,ψ). Then we have that
JH := {r ∈ ∆−1(FP (Q)) | ιR(r)− pi(∆(r)) ∈ H}
is a ψ-compatible two-sided ideal of R and T (JH) ⊆ H. If in addition H is graded and
H ∩ ιR(R) = {0}, then JH is faithful and T (JH) = H.
Proof. It directly follows from Proposition 3.11 that JH is a two-sided ideal of R, and it is ψ-
compatible by construction. It follows directly from the definition of T (JH) that T (JH) ⊆ H .
Assume that H is graded and H ∩ ιR(R) = {0}. If x ∈ JH ∩ ker∆, then ιR(x) = ιR(x)−
pi(∆(r)) ∈ T (JH) ⊆ H and so x = 0 proving that JH ∩ ker∆ = {0}.
We will then prove that H ⊆ T (JH). It follows from Lemma 3.34 that it is enough to show
that H ∩ T (0)(P,Q,ψ) ⊆ T (JH). It follows from Theorem 1.7 and Proposition 3.1 and 3.11 that
T (0)(P,Q,ψ) = ⊕∞i=0pi(FP⊗i(Q⊗i)) (where we let FP⊗0(Q⊗0) = R and pi : FP⊗0(Q⊗0) −→ T(P,Q,ψ) =
ιR), so it is enough to prove that the following inclusion holds
(3.3) H ∩
(
n⊕
i=0
pi
(FP⊗i(Q⊗i))
)
⊆ T (JH),
for every n ∈ N. We will prove that (3.3) holds by induction over n.
First we notice that H ∩ (pi(FP⊗0(Q⊗0))) = H ∩ ιR(R) = {0} ⊆ T (JH), proving that (3.3)
holds for n = 0.
Assume now that n ∈ N0 and that (3.3) holds. Let Θi ∈ FP⊗i(Q⊗i) for i ∈ {0, 1, . . . , n +
1} such that ∑n+1i=0 pi(Θi) ∈ H . We want to prove that ∑n+1i=0 pi(Θi) ∈ T (JH). Let ρH :
T(P,Q,ψ) −→ T(P,Q,ψ)/H denote the quotient map, and let σH := ρH ◦ ιR, TH := ρH ◦ ιQ
and SH := ρH ◦ ιP . Then (SH , TH , σH , T(P,Q,ψ)/H) is an injective covariant representation of
(P,Q, ψ) and ρH ◦ pi = piTH ,SH . We then have that
∑n+1
i=0 piT iH ,SiH(Θi) = ρH(
∑n+1
i=0 pi(Θi)) =
0. Choose qj ∈ Q⊗n, pj ∈ P⊗n, q′j ∈ Q, p′j ∈ P for j ∈ {1, . . . , m} such that Θn+1 =∑m
j=1 θqj⊗q′j ,p′j⊗pj and ah ∈ Q⊗n, bh ∈ P⊗n for h ∈ {1, . . . , l} such that
∑l
h=1 θah,bh(qj) = qj
for every j ∈ {1, . . . , m}. We then have that ∑lh=1(θah,bh ⊗ 1Q)Θn+1 = Θn+1. Let Θ =
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h=1 θah ,bh
) (∑n
i=0Θi ⊗ 1Q⊗n−i
) ∈ FP⊗n(Q⊗n). It follows from Lemma 3.33 that we then
have that
piTnH ,SnH(Θ) = piTnH ,SnH
(( l∑
h=1
θah,bh
)( n∑
i=0
Θi ⊗ 1Q⊗n−i
))
= piTnH ,SnH
( l∑
h=1
θah,bh
) n∑
i=0
piT iH ,SiH (Θi)
= −piTnH ,SnH
( l∑
h=1
θah,bh
)
piTn+1H ,S
n+1
H
(Θn+1) = −piTn+1H ,Sn+1H
( l∑
h=1
(θah,bh ⊗ 1Q)Θn+1
)
= −piTn+1H ,Sn+1H (Θn+1),
so
∑n
i=0 piT iH ,SiH(Θi)− piTnH ,SnH(Θ) =
∑n+1
i=0 piT iH ,SiH (Θi) = 0, and therefore
∑n
i=0 pi(Θi)− pi(Θ) ∈
H . Thus it follows from the induction assumption that
∑n
i=0 pi(Θi)− pi(Θ) ∈ T (JH). There-
fore it is enough to prove that pi(Θ) + pi(Θn+1) ∈ T (JH).
Choose qj ∈ Q⊗n, pj ∈ P⊗n for j ∈ {1, . . . , m} such that Θ =
∑m
j=1 θqj ,pj and q
′
h ∈ Q⊗n,
p′h ∈ P⊗n, q′′h ∈ Q, p′′h ∈ P for h ∈ {1, . . . , l} such that Θn+1 =
∑l
h=1 θq′h⊗q′′h ,p′′h⊗p′h. Now
since (P⊗n, Q⊗n, ψn) satisfies condition (FS) there exist ar ∈ Q⊗n and br ∈ P⊗n for r ∈
{1, . . . , s} such that ∑sr=1 θar ,br(qj) = qj for all j ∈ {1, . . . , m}, and ∑sr=1 θar ,br(q′h) = q′h for
all h ∈ {1, . . . , l}. There also exist ct ∈ P⊗n and dt ∈ Q⊗n for t ∈ {1, . . . , v} such that∑v
t=1 θct,dt(pj) = pj for all j ∈ {1, . . . , m}, and
∑v
t=1 θct,dt(p
′
h) = p
′
h for all h ∈ {1, . . . , l}.
Then we have
s∑
r=1
ιnQ(ar)ι
n
P (br)
(
pi(Θ) + pi(Θn+1)
) v∑
t=1
ιnQ(dt)ι
n
P (ct) = pi(Θ) + pi(Θn+1),
so it is enough to prove that ιnP (b)(pi(Θ) + pi(Θn+1))ι
n
Q(d) ∈ T (JH) for every b ∈ P⊗n and
d ∈ Q⊗n. Let r = ψn(b⊗Θ(d)) ∈ R. We then have that
σH(r) = SH(b)piTH ,SH(Θ)TH(d) = −SH(b)piTH ,SH(Θn+1)TH(d) ∈ piTH ,SH (FP (Q)) ,
such it follows from Lemma 3.24 that r ∈ ∆−1(FP (Q)) and σH(r) = piTH ,SH(∆(r)). Hence
r ∈ JH . Thus
ιnP (b)
(
pi(Θ)+pi(Θn+1)
)
ιnQ(d) = ι
n
P (b)pi(Θ)ι
n
Q(d)+ι
n
P (b)pi(Θn+1)ι
n
Q(d) = ιR(r)−pi(∆(r)) ∈ T (JH).

Proof of Theorem 3.29. (1): If there exists a ring homomorphism η : O(P,Q,ψ)(J) −→ B such
that η ◦ ιJQ = T , η ◦ ιJP = S and η ◦ ιJR = σ, and x ∈ J , then σ(x) = η(ιJR(x)) = η(piJ(∆(x))) =
piT,S(∆(x)), which proves that the representation (S, T, σ, B) is Cuntz-Pimsner invariant with
respect to J .
(2): If the representation (S, T, σ, B) is Cuntz-Pimsner invariant with respect to J , then
the existence and uniqueness of ηJ(S,T,σ,B) follows from Proposition 3.18.
(3): Assume that ηJ(S,T,σ,B) is an isomorphism. Then σ = η
J
(S,T,σ,B) ◦ ιJR is injective, and
⊕n∈ZηJ(S,T,σ,B)(O(n)(P,Q,ψ)(J))
is a Z-grading of B such that
σ(R) ⊆ ηJ(S,T,σ,B)(O(0)(P,Q,ψ)(J)) ,
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T (Q) ⊆ ηJ(S,T,σ,B)(O(1)(P,Q,ψ)(J)) and
S(P ) ⊆ ηJ(S,T,σ,B)(O(−1)(P,Q,ψ)(J)) .
Hence (S, T, σ, B) is injective, surjective and graded. If x ∈ J , then we have that
σ(x) = ηJ(S,T,σ,B)(ι
J
R(x)) = η
J
(S,T,σ,B)(pi
J(∆(x))) = piT,S(∆(x)),
and thus x ∈ J(S,T,σ,B). If x ∈ J(S,T,σ,B), then it follows from Lemma 3.24 that x ∈ ∆−1(FP (Q))
and
ηJ(S,T,σ,B)(ι
J
R(x)) = σ(x) = piT,S(∆(x)) = η
J
(S,T,σ,B)(pi
J(∆(x))),
and since ηJ(S,T,σ,B) is injective, it follows that ι
J
R(x) = pi
J(∆(x)). It follows that ιR(x) −
pi(∆(x)) ∈ T (J), and we then get from Lemma 3.21 that ιR(x) = P(0,0)(ιR(x) − pi(∆(x))) ∈
ιR(J), and thus that x ∈ J . Hence J = J(S,T,σ,B).
Assume then that (S, T, σ, B) is surjective, injective and graded and that J = J(S,T,σ,B).
Then ηJ(S,T,σ,B) is surjective. Let η(S,T,σ,B) : T(P,Q,ψ) −→ B be as in Theorem 1.7. Then
η(S,T,σ,B) = η
J
(S,T,σ,B) ◦ ρJ , so ηJ(S,T,σ,B) is injective if ker η(S,T,σ,B) = ker ρJ = T (J). Let
H = ker η(S,T,σ,B). Then H is a graded two-sided ideal of T(P,Q,ψ) and H ∩ ιR(R) = {0},
so it follows from Lemma 3.35 that T (JH) = H . It easily follows from Lemma 3.24 that
J = J(S,T,σ,B) = JH , so we have that ker η(S,T,σ,B) = H = T (JH) = T (J) as desired. 
4. The Graded Uniqueness Theorem
We will in this section look at some consequences of the classification of the surjective,
injective and graded representations of an R-system (P,Q, ψ) satisfying condition (FS). We
begin by noticing that we get a description of all graded two-sided idealH of T(P,Q,ψ) satisfying
ιR(R) ∩ H = {0}, and then that the Fock space representation of (P,Q, ψ) is isomorphic
to the Toeplitz representation if R is right non-degenerate and (P,Q, ψ) satisfies condition
(FS). Finally we will characterize the faithful ψ-compatible two-sided ideals J of R for which
O(P,Q,ψ)(J) satisfies the Graded Uniqueness Theorem, cf. [22, Theorem 4.8].
Remark 4.1. Let R be a right non-degenerate ring and let (P,Q, ψ) be an R-system satis-
fying condition (FS). It easily follows from Lemma 3.24 that if H is a graded two-sided of
T(P,Q,ψ) satisfying ιR(R) ∩H = {0}, then JH = J(ιJHP ,ιJHQ ,ιJHR ,O(P,Q,ψ)(JH )). Thus it follows from
Proposition 3.28 and Lemma 3.35 that
H 7−→ JH J 7−→ T (J)
is an order preserving bijective correspondence between the set of graded two-sided ideal H
of T(P,Q,ψ) satisfying ιR(R) ∩ H = {0}, and the set of faithful ψ-compatible two-sided ideals
J of R.
We will later (cf. Corollary 7.28) classify all graded two-sided ideals of T(P,Q,ψ).
We will now show that the Fock space representation of an R-system (P,Q, ψ) is isomorphic
to the Toeplitz representation if R is right non-degenerate and (P,Q, ψ) satisfies condition
(FS).
Proposition 4.2. Let R be a right non-degenerate ring and let (P,Q, ψ) be an R-system sat-
isfying condition (FS). Then the Fock space representation (SF , TF , σF ,F(P,Q,ψ)) of (P,Q, ψ)
is isomorphic to the Toeplitz representation (ιP , ιQ, ιR, T(P,Q,ψ)).
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Proof. To ease the notation let T = TF , S = SF , σ = σF and B = F(P,Q,ψ). It follows from
Theorem 1.7 that there exists a unique ring homomorphism η(S,T,σ,B) : T(P,Q,ψ) −→ B such
that η(S,T,σ,B) ◦ ιR = σ, η(S,T,σ,B) ◦ ιQ = T and η(S,T,σ,B) ◦ ιP = S.
For each m ∈ N0 let ιm denote the inclusion of Q⊗m into F (Q). It is easy to check that if
x ∈ T (n)(P,Q,ψ) where n ≥ −m, then η(S,T,σ,B)(x)ιm(Q⊗m) ⊆ Q⊗n+m. It follows that (S, T, σ, B)
is graded. It follows from the right non-degeneracy of R that the covariant representation
(S, T, σ, B) is injective.
Let q ∈ Q and p ∈ P . Then piT,S(θq,p) = T (q)S(p) acts as the zero map on ι0(R). Thus
it follows that if Θ ∈ FP (Q), then piT,S(Θ) acts as the zero map on ι0(R). If r ∈ R, then
it follows from the right non-degeneracy of R that if σ(r) = φ∞(r) acts as the zero map on
ι0(R), then r = 0. Thus J(S,T,σ,0) = 0, and it follows from Theorem 3.29 that η(S,T,σ,B) is an
isomorphism from T(P,Q,ψ) to F(P,Q,ψ). 
Remark 4.3. Let R be a ring and (P,Q, ψ) an R-system. It is clear that it is a necessary
condition for the the Fock space representation of (P,Q, ψ) to be isomorphic to the Toeplitz
representation is that R is right non-degenerate. The following example shows that it is not in
general sufficient. This is in contrast to the C∗-algebraic case where the Fock representation
is always isomorphic to the universal Toeplitz representation, cf. [13, Proposition 6.5]
Example 4.4. Let R = Q = P = Z, let R act on the left and the right on Q and P by
multiplication, and let ψ : P ⊗Q −→ R be the zero map. Then R is a non-degenerate ring,
and (P,Q, ψ) is an R-system. It is easy to check that SF is the zero map.
Let B = ⊕n∈ZZ, and for each n ∈ Z let en be the element of B given by en(m) is 1 if
and only if n = m and 0 otherwise. We turn B into a ring by using the usual addition and
defining a multiplication by
emen =
{
em+n if nm ≥ 0,
0 if nm < 0.
We define maps σ : R −→ B by σ(r) = re0, S : P −→ B by S(p) = pe−1 and T : Q −→ B
by T (q) = qe1. It is easy to check that (S, T, σ, B) is a covariant representation of (P,Q, ψ).
Since S 6= 0, it follows that ιP 6= 0 (in fact, it is not difficult to show that (S, T, σ, B) is
isomorphic to the Toeplitz representation of (P,Q, ψ)). Thus, the Fock space representation
cannot be isomorphic to the Toeplitz representation in this example.
We now define what it means for a relative Cuntz-Pimsner ring of an R-system to satisfy
the Graded Uniqueness Theorem, and then characterize when it does that.
Definition 4.5 (cf. [22, Theorem 4.8]). Let R be a ring, (P,Q, ψ) an R-system satisfying
condition (FS) and let J be a faithful ψ-compatible two-sided ideal of R. We say that the
relative Cuntz-Pimsner ring O(P,Q,ψ)(J) satisfies the Graded Uniqueness Theorem if and only
if the following holds:
If B is a Z-graded ring and η : O(P,Q,ψ)(J) −→ B is a graded ring homomorphism such
that η ◦ ιJR is injective, then η is injective.
Definition 4.6. Let R be a ring, and let (P,Q, ψ) be an R-system satisfying condition (FS).
A faithful ψ-compatible two-sided ideal J of R is called maximal if J = J ′ for any faithful
ψ-compatible two-sided ideal J ′ of R satisfying J ⊆ J ′.
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Theorem 4.7. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS). Let
Cinj,grad(P,Q,ψ) be the subcategory of C(P,Q,ψ) consisting of all surjective, injective and graded covariant
representation of (P,Q, ψ). Let J be a two-sided ideal of R such that J ⊆ ∆−1(FP (Q)) and
J ∩ ker∆ = 0. Then the following three statements are equivalent:
(1) The Cuntz-Pimsner ring O(P,Q,ψ)(J) of (P,Q, ψ) relative to J satisfies the Graded
Uniqueness Theorem.
(2) The Cuntz-Pimsner representation (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) of (P,Q, ψ) relative to J is
minimal in Cinj,grad(P,Q,ψ) in the sense that if (S, T, σ, B) is a surjective, injective and graded
representation of (P,Q, ψ) and η : O(P,Q,ψ)(J) −→ B is a homomorphism such that
η ◦ ιJQ = T , η ◦ ιJP = S and η ◦ ιJR = σ, then η is an isomorphism.
(3) J is maximal.
Proof. If B is a Z-graded ring and η : O(P,Q,ψ)(J) −→ B is a graded ring homomorphism such
that η ◦ ιJR is injective, and we let T = η ◦ ιJQ, S = η ◦ ιJP and σ = η ◦ ιJR, then (S, T, σ, B) is
a surjective, injective and graded representation of (P,Q, ψ). The equivalence of (1) and (2)
easily follows from this.
The equivalence of (2) and (3) follows from Remark 3.30. 
Definition 4.8. Let R be a ring, and let (P,Q, ψ) be an R-system satisfying condition (FS).
A faithful ψ-compatible two-sided ideal J of R is called uniquely maximal if J ′ ⊆ J for any
ψ-compatible two-sided ideal J ′ of R.
Remark 4.9. Let R be a ring, and let (P,Q, ψ) be an R-system satisfying condition (FS). It
is clear that if J is a uniquely maximal faithful ψ-compatible two-sided of R, then it is the only
maximal faithful ψ-compatible two-sided of R. The standard argument using Zorn’s Lemma
shows that every faithful ψ-compatible two-sided ideal of R is contained in a maximal faithful
ψ-compatible two-sided ideal of R. Thus if there only is one maximal faithful ψ-compatible
two-sided of R, then this ideal is automatically uniquely maximal.
Remark 4.10. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
It follows from Remark 3.30 that if J is a faithful ψ-compatible two-sided ideal of R, then
(ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) is a final object of Cinj,grad(P,Q,ψ) if and only if J is uniquely maximal. If
such a J exists, then it would be natural to define the Cuntz-Pimsner ring of the R-system
(P,Q, ψ) to be O(P,Q,ψ)(J) (and we will do that in Definition 5.1), however, as the following
example shows, such a J does not in general exist (in contrast to the C∗-algebraic case where
one always can use the analog of the ideal (ker∆)⊥ ∩∆−1(FP (Q)) cf. [13]).
Example 4.11. Let R = Z× R× Z be a ring with multiplication defined by
(x, y, z) · (x′, y′, z′) := (xx′, xy′ + yx′, xz′ + zx′) .
Notice that R is a unital ring with unit (1, 0, 0).
Let δ : R −→ R be a map defined as δ(x, y, z) = (x, y − z, 0). We claim that δ is a ring
homomorphism. Indeed, let (x, y, z), (x′, y′, z′) ∈ R. Then we have
δ(x, y, z)δ(x′, y′, z′) = (x, y − z, 0)(x′, y′ − z′, 0) = (xx′, x(y′ − z′) + x′(y − z), 0)
= (xx′, xy′ + yx′ − (xz′ + zx′), 0) = δ(xx′, xy′ + y′x, xz′ + zx′)
= δ((x, y, z)(x′, y′, z′)).
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Let P = Q = {(x, y, 0) : x ∈ Z, y ∈ R} ⊆ R, and endow P = Q with the following
R-bimodule structure: Given p ∈ P , q ∈ Q and r ∈ R let
p · r = pδ(r) r · p = δ(r)p
q · r = qδ(r) r · q = δ(r)q.
Finally let ψ : P ⊗R Q −→ R be defined by ψ(p ⊗ q) = pq. We will now check that the
R-system (P,Q, ψ) satisfies property (FS). Indeed, if q ∈ Q then
(1, 0, 0) · ψ((1, 0, 0)⊗ q) = (1, 0, 0) · q = q ,
and if p ∈ P then
ψ(p⊗ (1, 0, 0)) · (1, 0, 0) = p · (1, 0, 0) = p .
It easy to check that
∆−1(FP (Q) = R and ker∆ = {(0, z, z) : z ∈ Z} .
Now we define
J1 := {(0, y, 0) : y ∈ R} and J2 := {(0, 0, z) : z ∈ Z} .
Now we will prove that both J1 and J2 are maximal faithful ψ-compatible two-sided ideals
of R. Let J be a faithful ψ-compatible two-sided ideals of R such that J1 ⊆ J and assume that
there exists 0 6= (x, y, z) ∈ J \J1. Then (x, 0, z) ∈ J , with either x or z are nonzero. If x = 0,
then z 6= 0 and then (0, z, z) ∈ J ∩ ker∆, but if x 6= 0 then (0, 0, 1)(x, 0, z) = (0, 0, x) ∈ J
and hence 0 6= (0, x, x) ∈ J ∩ ker∆, a contradiction. Thus J1 is maximal. We can do the
same to prove that J2 is also maximal.
Notice that J1 and J2 are clearly non-isomorphic, however we can not deduce from this
that their associated relative Cuntz-Pimsner rings are non-isomorphic.
5. Cuntz-Pimsner rings
Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS), and let J be a
uniquely maximal faithful ψ-compatible two-sided ideal of R. In view of Remark 4.10 it is
natural to define O(P,Q,ψ)(J) to be the Cuntz-Pimsner ring of (P,Q, ψ). We will do that now.
Definition 5.1. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
If there exists a uniquely maximal faithful ψ-compatible two-sided ideal J of R, then we
define the Cuntz-Pimsner ring of (P,Q, ψ) to be the ring
O(P,Q,ψ) := O(P,Q,ψ)(J)
and we let
(ιCPP , ι
CP
Q , ι
CP
R ,O(P,Q,ψ))
denote the covariant representation (ιJP , ι
J
Q, ι
J
R,O(P,Q,ψ)(J)) and call it the Cuntz-Pimsner
representation of (P,Q, ψ). We let pr := ι
CP
R (r) for r ∈ R, yp := ιCPP (p) for p ∈ P and
xq := ι
CP
Q (q) for q ∈ Q.
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It follows from Remark 4.10 that O(P,Q,ψ), if it exists, is the (up to isomorphism) unique
final object of Cinj,grad(P,Q,ψ) . It can also be described as the smallest quotient of T(P,Q,ψ) which
preserves the Z-grading of T(P,Q,ψ) and which leaves the embedded copy of R intact.
It follows from Example 4.11 that it is not always the case that there exists a uniquely
maximal faithful ψ-compatible two-sided ideal of R. We will now describe a condition which
will guarantee the existence of such an ideal. This condition is satisfied by many interesting
examples, see Example 5.5 – 5.8.
If J is a two-sided ideal of a ring R, then we let J⊥ denote the two-sided ideal {x ∈ R :
∀y ∈ J : xy = yx = 0}. The following lemma is then obvious.
Lemma 5.2. Let R be a ring and let (P,Q, ψ) be an R-system which satisfies condition (FS).
If (∆−1(FP (Q)) ∩ (ker∆)⊥) ∩ ker∆ = {0}, then J =: ∆−1(FP (Q)) ∩ (ker∆)⊥ is a uniquely
maximal faithful ψ-compatible two-sided ideal of R. Thus the Cuntz-Pimsner ring of (P,Q, ψ)
is defined in this case.
A ring R is said to be semiprime if whenever I is a two-sided ideal of R such that I2 = {0},
then I = {0}. A two-sided ideal I is said to be semiprime if whenever there exists a two-sided
ideal J with J2 ⊆ I, then J ⊆ I. Equivalently I is a semiprime ideal if and only if R/I is a
semiprime ring. Observe that in particular every C∗-algebra A is semiprime and every closed
ideal I of A is also semiprime (since it is a C∗-algebra itself).
Lemma 5.3. Let R be a ring which is semiprime, and let (P,Q, ψ) be an R-system which
satisfies condition (FS). Then (ker∆)⊥ ∩ ker∆ = {0}.
Proof. It is clear that (ker∆)⊥∩ker ∆ is a two-sided ideal of R satisfying ((ker∆)⊥∩ker ∆)2 =
{0}. Thus (ker∆)⊥ ∩ ker∆ = {0}. 
Thus when R is semiprime, then ∆−1(FP (Q)) ∩ (ker∆)⊥ is a uniquely maximal faithful
ψ-compatible two-sided ideal of R for every R-system (P,Q, ψ) and the Cuntz-Pimsner ring
O(P,Q,ψ) is defined.
Before we look at some examples where the Cuntz-Pimsner ring is defined, we notice that
it directly follows from Theorem 4.7 that if the Cuntz-Pimsner ring of an R-system is defined,
then it satisfies the Graded Uniqueness Theorem.
Corollary 5.4 (The Graded Uniqueness Theorem). Let R be a ring and let (P,Q, ψ) be an
R-system which satisfies condition (FS), and assume that there exists a uniquely maximal
faithful ψ-compatible two-sided ideal of R. If A is a Z-graded ring and η : O(P,Q,ψ) −→ A is
a graded ring homomorphism with η(pr) 6= 0 for every r ∈ R \ {0}, then η is injective.
Example 5.5. Let us return to the Example 1.9. We saw that if R is a ring, ϕ ∈ Aut(R),
P = Rϕ, Q = Rϕ−1 and
ψ : P ⊗R Q −→ R
p⊗ q 7−→ pϕ(q),
then (P,Q, ψ) is a R-system.
Assume that R has local units. If q1, q2, . . . , qn ∈ Q and p1, p2, . . . , pm ∈ P then there
exists an idempotent e ∈ R such that eqi = qi for all i ∈ {1, 2, . . . , n} and pje = pj for all
j ∈ {1, 2, . . . , m} (we are here viewing the qi’s and the pj ’s as elements of R and using the
multiplication of R). We then have that θe,ϕ(e)(qi) = eϕ
−1(ϕ(e)ϕ(qi)) = eeqi = qi for all
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i ∈ {1, 2, . . . , n} and θe,ϕ−1(e)(pj) = pjϕ(ϕ−1(e))e = pjee = pj for all j ∈ {1, 2, . . . , m}. Thus
(P,Q, ψ) satisfies condition (FS). Observe that we in this case have that ∆−1(FP (Q)) = R
because ∆(r) = θu,ϕ(r) for every r ∈ R and u ∈ R with ur = ru = r. Notice also that
∆ is injective, so R is a uniquely maximal faithful ψ-compatible two-sided ideal. Thus the
Cuntz-Pimsner ring of the R-system (P,Q, ψ) exists and is equal to O(P,Q,ψ)(R).
We saw in Example 1.9 that if (S, T, σ, B) is a covariant representation of (P,Q, ψ) and
we for every r ∈ R and n ∈ N0 let (r, n) = Sn(r), [r,−n] = T n(r) and [r, 0] = σ(r), then
[r1, k] + [r2, k] = [r1 + r2, k] for r1, r2 ∈ R and k ∈ Z and [r1, k1][r2, k2] = [r1ϕk1(r2), k1 + k2]
for r1, r2 ∈ R and k1, k2 ∈ Z if k1 and k2 both are non-positive, or both are non-negative,
or if k1 is non-negative and k2 is non-positive. If in addition (S, T, σ, B) is Cuntz-Pimsner
invariant relative to R, then we have for r1, r2, u1, u2 ∈ R where r2u1 = r2 and u2r1 = r1, and
n1, n2 ∈ N0 that
[r1,−n1][r2, n1] = T n1(r1)Sn1(r2) = piSn1 ,Tn1 (θr1,r2)
= σ(r1ϕ
−n1(r2)) = [r1ϕ
−n1(r2), 0],
[r1,−n1][r2, n1 + n2] = [r1,−n1][r2, n1][ϕ−n1(u1), n2]
= [r1ϕ
−n1(r2), 0][ϕ
−n1(u1), n2]
= [r1ϕ
−n1(r2)ϕ
−n1(u1), n2] = [r1ϕ
−n1(r2), n2],
[r1,−n1 − n2][r2, n1] = [u2,−n2][ϕn2(r1),−n1][r2, n1]
= [u2,−n2][ϕn2(r1)ϕn1(r2), 0]
= [u2r1ϕ
−n1−n2(r2),−n2] = [r1ϕ−n1−n2(r2),−n2].
Thus [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1 + k2] for r1, r2 ∈ R and k1, k2 ∈ Z.
If on the other hand we have a ring B which contains a set of elements {[r, k] : r ∈ R, k ∈ Z}
satisfying [r1, k] + [r2, k] = [r1 + r2, k] and [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1 + k2], and we define
σ : R −→ B by σ(r) = [r, 0], S : P −→ B by S(p) = [p, 1], and T : Q −→ B by T (q) = [q,−1],
then (S, T, σ, B) is a covariant representation of (P,Q, ψ) which is Cuntz-Pimsner invariant
relative to R.
Thus O(P,Q,ψ) is the universal ring generated by elements {[r, k] : r ∈ R, k ∈ Z} satisfying
[r1, k]+ [r2, k] = [r1+ r2, k] and [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1+k2]; i.e., O(P,Q,ψ) is isomorphic
to the crossed product R ×ϕ Z.
We will return to this example in Example 7.30.
Example 5.6. Let R be a ring and let α : R −→ R be a ring homomorphism. Let P :=
span{r1α(r2) | r1, r2 ∈ R} be the R-module with left action defined by r · p = rp and right
action defined by p · r = pα(r) for r ∈ R and p ∈ P , and let Q := span{α(r1)r2 | r1, r2 ∈ R}
be the R-module with left action defined by r ·q = α(r)q and right action defined by q ·r = qr
for r ∈ R and q ∈ Q. Finally let ψ : P ⊗ Q −→ R be the bimodule homomorphism defined
by ψ(p⊗ q) = pq. Then (P,Q, ψ) is an R-system.
If (S, T, σ, B) is a covariant representation of (P,Q, ψ), then S(p)σ(r) = S(pα(r)), σ(r)S(p) =
S(rp), T (q)σ(r) = T (qr), σ(r)T (q) = T (α(r)q) and S(p)T (q) = σ(pq) for p ∈ P , q ∈ Q and
r ∈ R where we view p and q as elements of R and use the multiplication of R.
It is not difficult to show that if R has local units, then (P,Q, ψ) satisfies condition (FS),
∆−1(FP (Q)) = R and that ker∆ = {0}. Thus the Cuntz-Pimsner ring of (P,Q, ψ) is defined
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in this case and is equal to O(P,Q,ψ)(R). If in addition α is injective and α(r1)r2α(r3) ∈ α(R)
for all r1, r2, r3 ∈ R, then a covariant representation (S, T, σ, B) of (P,Q, ψ) is Cuntz-Pimsner
invariant relative to R if and only if T (q)S(p) = σ(α−1(qp)) for all p ∈ P and q ∈ Q.
It is not difficult to see that if α is an automorphism and R has local units, then O(P,Q,ψ)
is isomorphic to the crossed product R×α Z, cf. Example 5.5.
Example 5.7. Given a unital ring R and a ring isomorphism α : R −→ eRe where e is
an idempotent of R. Ara, Gonza´lez-Barroso, Goodearl and Pardo have in [6] defined the
fractional skew monoid ring of the system (R, α) to be the universal unital ring R[t+, t−;α]
generated by elements t+, t− and {φ(r) | r ∈ R} satisfying that φ : R −→ R[t+, t−;α] is a
unital ring homomorphism and that the relations
t−t+ = 1 , t+t− = φ(e) , rt− = t−α(r) and t+r = α(r)t+
hold for all r ∈ R. This construction is an exact algebraic analog of the construction of the
crossed product of a C∗-algebra by an endomorphism introduced by Paschke [19]. In fact,
if A is a C∗-algebra and the corner isomorphism α is a ∗-homomorphism, then Paschke’s
C∗-crossed product, which he denotes A ⋉α N, is just the completion of A[t+, t−;α] in a
suitable norm. The Cuntz-Krieger rings, crossed products by automorphisms and Leavitt
path algebras of finite graphs without sinks are examples of fractional skew monoid rings
among many others (see [6]). As an important advance in the study of this class of rings, in
[6, Theorem 5.3] conditions for R[t+, t−;α] being a simple and purely infinite ring are given,
and in [4] the K1 of fractional skew monoid rings is computed.
We will now show that the fractional skew monoid ring R[t+, t−;α] is isomorphic, as a
Z-graded ring, to O(P,Q,ψ) where (P,Q, ψ) is the R-system considered in Example 5.6. First
we notice that if r1, r2, r3 ∈ R, then α(r1)r2α(r3) ∈ eReReRe ⊆ eRe = α(R). Define
S : P −→ R[t+, t−;α] and T : Q −→ R[t+, t−;α] by S(p) = φ(p)t+ and T (q) = t−φ(q).
It is then easy to check that (S, T, φ, R[t+, t−;α]) is a surjective covariant representation of
(P,Q, ψ) which is Cuntz-Pimsner invariant relative to R, cf. Example 5.6. Thus it follows
from Theorem 3.18 that there exists a ring homomorphism η : O(P,Q,ψ) −→ R[t+, t−;α] such
that η(pr) = φ(r), η(yp) = φ(p)t+ and η(xq) = t−φ(q) for r ∈ R, p ∈ P and q ∈ Q. It follows
from [6, Proposition 1.6 and Corollary 1.11] that η is graded and that η(pr) 6= 0 for r 6= 0, so
η is injective and thus an isomorphism according to Corollary 5.4.
Example 5.8. Let us return to the Example 1.10. Given q =
(∑
e∈E1 λe1e
) ∈ Q we let
Supp(
∑
e∈E1
λe1e) := {e ∈ E1 : λe 6= 0} .
Notice that |Supp(q)| <∞. Given q1, . . . , qn ∈ Q we have that the homomorphism
Θ =
∑
e∈Supp(q1)∪···∪Supp(qn)
θ1e,1e ∈ FP (Q)
satisfies Θ(qi) = qi for every i ∈ {1, 2, . . . , n}. Similarly, we have that there for p1, p2, . . . , pn ∈
P exists a homomorphism ∆ ∈ FQ(P ) such that ∆(pi) = pi for every i ∈ {1, 2, . . . , n}. Thus
the R-system (P,Q, ψ) satisfies the condition (FS).
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Now it is easy to see that
∆−1(FP (Q)) = spanF{1v : |s−1(v)| <∞} ,
ker∆ = spanF{1v : |s−1(v)| = 0} .
It follows that (ker∆)⊥ = spanF{1v : |s−1(v)| > 0}, and thus that (∆−1(FP (Q))∩(ker ∆)⊥)∩
ker∆ = {0}. Hence the Cuntz-Pimsner ring of (P,Q, ψ) is defined in this case and is equal
to O(P,Q,ψ)(∆−1(FP (Q)) ∩ (ker∆)⊥).
We saw in Example 1.10 that if (S, T, σ, B) be a covariant representation of (P,Q, ψ)
and we let pv := σ(1v) for v ∈ E0, and xe = T (1e) and ye = S(1e) for e ∈ E1, then
R〈S, T, σ〉 becomes a F -algebra when we equip it with an F -multiplication of F defined by
λσ(r) = σ(λr), λS(p) = S(λp) and λT (q) = T (λq) for λ ∈ F , r ∈ R, p ∈ P and q ∈ Q. Then
{pv}v∈E0 is a family of pairwise orthogonal idempotents such that we for all e, f ∈ E1 have that
ps(e)xe = xe = xepr(e), pr(e)ye = ye = yeps(e), and yexf = δe,fpr(e). If in addition (S, T, σ, B) is
Cuntz-Pimsner invariant relative to ∆−1(FP (Q))∩(ker∆)⊥ = spanF{1v : 0 < |s−1(v)| <∞},
then we have for v ∈ E0 with 0 < |s−1(v)| <∞ that
pv = σ(1v) = piT,S
(
∆(1v)
)
= piT,S

 ∑
e∈s−1(v)
θ1e,1e

 = ∑
e∈s−1(v)
T (1e)S(1e) =
∑
e∈s−1(v)
xeye .
On the other hand, let B be an F -algebra which contains a family {pv}v∈E0 of pairwise
orthogonal idempotents and families {xe}e∈E1 and {ye}e∈E1 satisfying ps(e)xe = xe = xepr(e),
pr(e)ye = ye = yeps(e), and yexf = δe,fpr(e) for all e, f ∈ E1. Then for r =
∑
v∈E0 sv1v ∈ R
let σ(r) :=
∑
v∈E0 svpv, for p =
∑
e∈E1 λe1e ∈ P let S(p) :=
∑
e∈E1 peye, and for q =∑
e∈E1 λe1e ∈ Q let T (q) :=
∑
e∈E1 qexe, we have that (S, T, σ, B) is a covariant representation
of (P,Q, ψ) which is Cuntz-Pimsner invariant relative to ∆−1(FP (Q)) ∩ (ker∆)⊥.
Thus O(P,Q,ψ) is the universal F -algebra generated by a set {pv : v ∈ E0} of pairwise
orthogonal idempotents, together with a set {xe, ye : e ∈ E1} of elements satisfying
(1) ps(e)xe = xe = xepr(e) for e ∈ E1,
(2) pr(e)ye = ye = yeps(e) for e ∈ E1,
(3) yexf = δe,fpr(e) for e, f ∈ E1,
(4) pv =
∑
e∈s−1(v) xeye for v ∈ E0 with 0 < |s−1(v)| <∞.
I.e., O(P,Q,ψ) is isomorphic to the Leavitt path LF (E) algebra associated with E, cf. [1],[2],[3],[5]&[22].
Thus we recover from Corollary 5.4 the Graded Uniqueness Theorem [22, Theorem 4.8] for
Leavitt path algebras.
We will return to this example in Example 7.31.
6. The Algebraic Gauge-invariant Theorem
We saw in Example 5.5 that our Graded Uniqueness Theorem (Corollary 5.4) is a general-
ization of the Graded Uniqueness Theorem for Leavitt path algebras ([22, Theorem 4.8]). We
will now generalize the Algebraic Gauge-Invariant Uniqueness Theorem for row finite graphs
([3, Theorem 1.8]) to Cuntz-Pimsner rings and thereby to all directed graphs.
Proposition 6.1 (Cf. [10, Proposition 1.3] and [20, Remark 1.2(2)]). Let R be an (associa-
tive) F -algebra where F is a field, and let (P,Q, ψ) be an R-system satisfying condition (FS)
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and let J be a ψ-compatible two-sided ideal of R. Then there exists for every t ∈ F ∗ (F ∗
denotes the multiplication group of F ) a unique automorphism τJt on O(P,Q,ψ)(J) satisfying
τJt (ι
J
R(r)) = ι
J
R(r), τ
J
t (ι
J
P (p)) = tι
J
P (p) and τ
J
t (ι
J
Q(q)) = t
−1ιJQ(q) for r ∈ R, p ∈ P and q ∈ Q.
The action
τJ : F ∗ −→ AutF (O(P,Q,ψ)(J))
t 7−→ τJt
is called the gauge action of F on O(P,Q,ψ)(J).
Proof. Since O(P,Q,ψ)(J) is generated by {ιJR(r) : r ∈ R} ∪ {ιJP (p) : p ∈ P} ∪ {ιJQ(q) : q ∈ Q},
it follows that a ring homomorphism defined on O(P,Q,ψ)(J) is uniquely determined by its
values on {ιJR(r) : r ∈ R} ∪ {ιJP (p) : p ∈ P} ∪ {ιJQ(q) : q ∈ Q}.
Let t ∈ F ∗. For r ∈ R, p ∈ P and q ∈ Q let σ(r) = ιJR(r), S(p) = tιJP (p) and T (q) =
t−1ιJQ(q). Then (S, T, σ,O(P,Q,ψ)(J)) is a covariant representation of (P,Q, ψ) which is Cuntz-
Pimsner invariant relative to J . Thus there exists a homomorphism τJt : O(P,Q,ψ)(J) −→
O(P,Q,ψ)(J) such that τJt (ιJR(r)) = ιJR(r), τJt (ιJP (p)) = tιJP (p) and τJt (ιJQ(q)) = t−1ιJQ(q) for
r ∈ R, p ∈ P and q ∈ Q.
If t1, t2 ∈ F ∗ and r ∈ R, p ∈ P and q ∈ Q, then τJt1◦τJt2(ιJR(r)) = τJt1t2(ιJR(r)), τJt1◦τJt2(ιJP (p)) =
τJt1t2(ι
J
P (p)), and τ
J
t1
◦ τJt2(ιJQ(q)) = τJt1t2(ιJQ(q)), so τJt1 ◦ τJt2 = τJt1t2 . We have in particular that
τJt ◦ τJt−1 = IdO(P,Q,ψ)(J), so τJt is an automorphism. 
Theorem 6.2. Let F be an infinite field, R an (associative) F -algebra, and let (P,Q, ψ) be
an R-system satisfying condition (FS). Assume that J is a maximal faithful ψ-compatible
two-sided ideal of R, and let A be an F -algebra. Suppose that
φ : O(P,Q,ψ)(J) −→ A
is a F -algebra homomorphism such that φ(ιJR(r)) 6= 0 for every r ∈ R \ {0}. If there exists
a group action σ : F ∗ −→ AutF (A) such that φ ◦ τJt = σt ◦ φ for every t ∈ F ∗, then φ is
injective.
Proof. By Theorem 4.7 it is enough to check that ⊕n∈Zφ(ρJ(T (n)(P,Q,ψ)) is a grading of B. We
will do that by showing that ker φ is a graded ideal. Assume that φ(zn1 + · · · + znr) = 0,
n1, . . . , nr ∈ Z, ni 6= nj for i 6= j and zni ∈ ρJ (T (ni)(P,Q,ψ)) for every i = 1, . . . , r. We then have
for t ∈ F ∗ that
0 = σt
(
φ(zn1 + · · ·+ znr)
)
= φ
(
τJt (zn1 + · · ·+ znr)
)
= φ(tn1zn1 + · · ·+ tnrznr) .
On the other hand we have that 0 = tnrφ(zn1 + · · ·+ znr) = φ(tnrzn1 + · · ·+ tnrznr). It follows
that
0 = φ((tnr − tn1)zn1 + · · ·+ (tnr − tnr−1)znr−1) ,
and since F is an infinite field we have that tnr − tni 6= 0 for every i = 1, . . . , r−1. Repeating
this process r − 1 times we get that φ(zn1) = 0 as desired. Repeating the same argument we
get that φ(zni) = 0 for every i = 1, . . . , r. This shows that kerφ is a graded ideal and thus
that ⊕n∈Zφ(ρJ(T (n)(P,Q,ψ)) is a grading of B. 
If F is a field, R is an F -algebra, (P,Q, ψ) is an R-system satisfying condition (FS), and
J is a uniquely maximal faithful ψ-compatible two-sided ideal of R, then we denote by τCP
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the gauge action τJ of O(P,Q,ψ) = O(P,Q,ψ)(J). We then get as a corollary to the previous
theorem the following Gauge-Invariant Uniqueness Theorem for Cuntz-Pimsner rings.
Corollary 6.3 (The Gauge-Invariant Uniqueness Theorem for Cuntz-Pimsner Rings, cf. [10,
Theorem 4.1]). Let F be an infinite field, R an (associative) F -algebra and let (P,Q, ψ) be
an R-system satisfying condition (FS). Assume that there exists a uniquely maximal faithful
ψ-compatible two-sided ideal of R. Let A be an F -algebra. Suppose that
φ : O(P,Q,ψ) −→ A
is an F -algebra homomorphism such that φ(pr) 6= 0 for every r ∈ R \ {0}. If there exists
a group action σ : F ∗ −→ AutF (A) such that φ ◦ τCPt = σt ◦ φ for every t ∈ F ∗, then φ is
injective.
When we specialize to directed graphs, we get a generalization of the Algebraic Gauge-
Invariant Uniqueness Theorem [3, Theorem 1.8.] from row finite graphs to all directed graphs.
Corollary 6.4. Let E be a directed graph, let F be an infinite field and let A be an F -algebra.
Suppose that
φ : LF (E) −→ A
is a F -algebra homomorphism such that φ(pv) 6= 0 for every v ∈ E0. If there exists a group
action σ : F ∗ −→ AutF (A) such that φ ◦ τEt = σt ◦ φ for every t ∈ F ∗, then φ is injective.
Proof. Follows from Example 5.8 and Corollary 6.3. 
7. Graded covariant representations
In Section 3 we classified all surjective, injective and graded covariant representations of
an R-system satisfying condition (FS). We will in this section extend this classification to
all surjective and graded covariant representations. As a corollary we get a description of all
graded two-sided ideals of a relative Cuntz-Pimsner algebra (and therefore of the Toeplitz
ring and the Cuntz-Pimsner ring whenever it is defined) of an R-system satisfying condition
(FS).
We will proceed as in Section 3 and first describe a family of surjective and graded covariant
representations of a given R-system which satisfies condition (FS), and then show that this
family contains up to isomorphism all surjective and graded covariant representations. This
approach is inspired by the work of Katsura in [14] (notice however that our definition of a
T -pair (see Definition 7.5) is different from Katsura’s definition).
At the end of the section we will see how our description of the graded two-sided ideals of a
Cuntz-Pimsner ring agrees with Tomforde’s characterization of the graded ideals of a Leavitt
path algebra. We will also show (cf. Proposition 7.26) that if the R-system (P,Q, ψ) satisfies
condition (FS), then any quotient of a relative Cuntz-Pimsner ring of (P,Q, ψ) by a graded
two-sided ideal is again a relative Cuntz-Pimsner ring (but of a different system).
7.1. The classification of graded covariant representations of an R-system. We
begin with some definitions and some notation.
Definition 7.1. Let R be a ring and let (P,Q, ψ) be an R-system. A two-sided ideal I of R
is said to be ψ-invariant if ψ(p⊗ xq) ∈ I for every p ∈ P , q ∈ Q an x ∈ I.
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If I is a two-sided ideal of R, then QI := span{qx : q ∈ Q, x ∈ I} and IQ := span{xq :
q ∈ Q, x ∈ I} are I-bimodules. Similarly we define IP := span{xp : p ∈ P, x ∈ I} and
PI := span{px : p ∈ P, x ∈ I} which are also I-bimodules.
Remark 7.2. Observe that if R is a ring, (P,Q, ψ) is an R-system which satisfies condition
(FS), and I is ψ-invariant two-sided ideal of R, then IQ ⊆ QI and PI ⊆ IP . Indeed,
let x ∈ I, then by the (FS) condition there exists Θ = ∑ni=1 θqi,pi ∈ FP (Q) such that
xq = Θ(xq) =
∑n
i=1 θqi,pi(xq) =
∑n
i=1 qiψ(pi ⊗ xq) ∈ QI since ψ(pi ⊗ xq) ∈ I for every
i ∈ {1, . . . , n}. Similarly one can prove that PI ⊆ IP .
Definition 7.3. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
For a two-sided ideal I of R we define RI := R/I, QI := Q/QI and IP := P/IP . We let ℘I
be their respective projections.
It follows from Remark 7.2 that if I is a ψ-invariant two-sided ideal of R, then QI and IP are
RI-bimodules. We can in this case define a RI-bimodule homomorphism ψI : IP ⊗QI −→ RI
by ψI(℘I(p)⊗ ℘I(q)) = ℘I(ψ(p⊗ q)).
Observe that we can also define a projection ℘I : LP (Q) −→ LIP (QI) such that ℘I(T )(℘I(q)) =
℘I(T (q)) for every T ∈ LP (Q) and q ∈ Q, and then we have that ℘I(FP (Q)) = FIP (QI).
We also define a ring homomorphism ∆I : RI −→ End(QI) by ∆I(℘I(r))℘I(q) = ℘I(rq) for
r ∈ R and q ∈ Q. We then have that ∆I(℘I(r)) = ℘I(∆(r)) for every r ∈ R.
We then have the following straightforward lemma:
Lemma 7.4. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS), and let
I be a ψ-invariant two-sided ideal of R. Then the RI-system (IP,QI , ψI) satisfies condition
(FS).
Definition 7.5 (Cf. [14, Definition 5.6]). Let R be a ring and let (P,Q, ψ) be an R-system
satisfying condition (FS). A pair ω = (I, J) of two-sided ideals of R such that I ⊆ J is said to
be a T -pair of (P,Q, ψ) if I is a ψ-invariant ideal and JI := ℘I(J) is a faithful ψI-compatible
two-sided ideal of RI .
Notice that since I ⊆ J , we have that ℘−1I (JI) = J .
Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS), and let ω = (I, J)
be a T -pair. Then we define the following maps
ιωR := ι
JI
RI
◦ ℘I : R −→ O(IP,QI ,ψI)(JI) ,
ιωQ := ι
JI
QI
◦ ℘I : Q −→ O(IP,QI ,ψI)(JI) ,
ιωP := ι
JI
IP
◦ ℘I : P −→ O(IP,QI ,ψI)(JI) ,
where (ιJI
IP
, ιJIQI , ι
JI
RI
,O(IP,QI ,ψI)(JI)) is the universal Cuntz-Pimsner invariant representation
of (IP,QI , ψI) relative to JI . It is easy to check (ι
ω
P , ι
ω
Q, ι
ω
R,O(IP,QI ,ψI)(JI)) is a surjective
and graded covariant representation of (P,Q, ψ). We will in this section show that the
family {(ιωP , ιωQ, ιωR,O(IP,QI ,ψI)(JI)) | ω is a T -pair of (P,Q, ψ)} up to isomorphism contains
all surjective and graded covariant representations of (P,Q, ψ).
Definition 7.6. Let R be a ring, let (P,Q, ψ) be an R-system that satisfies condition (FS)
and let (S, T, σ, B) be a covariant representation of (P,Q, ψ). Then we define I(S,T,σ,B) as the
two-sided ideal ker σ of R.
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Lemma 7.7. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
If (S, T, σ, B) is a covariant representation of (P,Q, ψ), then ker T = QI(S,T,σ,B) and kerS =
I(S,T,σ,B)P .
Proof. Clearly QI(S,T,σ,B) ⊆ ker T . Now let q ∈ ker T , then for every p ∈ P we have 0 =
S(p)T (q) = σ(ψ(p ⊗ q)) and hence ψ(p ⊗ q) ∈ ker σ = I(S,T,σ,B) for every p ∈ P . By
condition (FS) there exists Θ =
∑n
i=1 θqi,pi such that Θ(q) = q and therefore q = Θ(q) =∑n
i=1 θqi,pi(q) =
∑n
i=1 qiψ(pi ⊗ q) ∈ QI(S,T,σ,B) as desired.
That kerS = I(S,T,σ,B)P can be proved in a similar way. 
Proposition 7.8. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
Let (S, T, σ, B) be a covariant representation of (P,Q, ψ), and let I(S,T,σ,B) be as defined in
Definition 7.6, and let J(S,T,σ,B) be as defined in Definition 3.23 . Then the pair ω(S,T,σ,B) :=
(I(S,T,σ,B), J(S,T,σ,B)) is a T -pair of (P,Q, ψ).
Proof. We let I := I(S,T,σ,B) and J := J(S,T,σ,B). It is clear that I is a two-sided ideal of R,
and it follows from Lemma 3.26 that also J is a two-sided ideal of R. It is clear that I ⊆ J .
First we prove that I is ψ-invariant. Indeed, let x ∈ I, p ∈ P and q ∈ Q. Then σ(ψ(p ⊗
xq)) = S(p)σ(x)T (q) = 0, so ψ(p⊗ xq) ∈ ker σ = I.
Now let x ∈ J = σ−1(piT,S(FP (Q))). Then there exists Θ ∈ FP (Q) with σ(x) = piT,S(Θ).
Thus we have for every q ∈ Q that
T (xq) = σ(x)T (q) = piT,S(Θ)T (q) = T (Θ(q)) ,
and it follows from Lemma 7.7 that xq −Θ(q) ∈ ker T = QI. Hence ℘I(xq)− ℘I(Θ(q)) = 0,
so ℘I(x)℘I(q) = ℘I(Θ)(℘I(q)). Since ℘I(Θ) ∈ FIP (QI), it follows that ∆I(℘I(x)) ∈ FIP (QI).
Now we check that JI ∩ ker∆I = 0. Let x ∈ J and assume that ℘I(x) ∈ ker∆I . Then
xq ∈ QI for every q ∈ Q. But since x ∈ J , there exists Θ = ∑ni=1 θqi,pi ∈ FP (Q) such that
σ(x) = piT,S(Θ) =
∑n
i=1 T (qi)S(pi). It then follows from Lemma 7.7 that xq −
∑n
i=1 qiψ(pi ⊗
q) ∈ ker T = QI, so ∑ni=1 qiψ(pi ⊗ q) ∈ QI for every q ∈ Q. Now by condition (FS) there
exist Θ1 =
∑m
j=1 θaj ,bj ∈ FP (Q) and Θ2 =
∑l
k=1 θck,dk ∈ FQ(P ) such that Θ1(qi) = qi and
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Θ2(pi) = pi for every i = 1, . . . , n. Then we have
σ(x) =
n∑
i=1
T (qi)S(pi) =
n∑
i=1
T (Θ1(qi))S(Θ2(pi))
=
n∑
i=1
T
(
m∑
j=1
θaj ,bj (qi)
)
S
(
l∑
k=1
θck,dk(pi)
)
=
n∑
i=1
T
(
m∑
j=1
ajψ(bj ⊗ qi)
)
S
(
l∑
k=1
ψ(pi ⊗ dk)ck)
)
=
n∑
i=1
m∑
j=1
l∑
k=1
T (aj)σ(ψ(bj ⊗ qi)ψ(pi ⊗ dk))S(ck)
=
m∑
j=1
l∑
k=1
T (aj)σ
(
ψ(bj ⊗
n∑
i=1
qiψ(pi ⊗ dk))
)
S(ck)
=
m∑
j=1
l∑
k=1
T (aj)σ(ψ(bj ⊗Θ(dk)))S(ck),
but Θ(dk) ∈ QI for every k = 1, . . . , l, and hence ψ(bj⊗Θ(dk)) ∈ I. So σ(ψ(bj⊗Θ(dk))) = 0,
from which it follows that 0 =
∑n
i=1 T (qi)S(pi) = σ(x), and therefore x ∈ ker σ = I. Thus
℘I(x) = 0. 
Proposition 7.9. Let R be a ring and let (P,Q, ψ) an R-system satisfying condition (FS).
If ω = (I, J) is a T -pair, then ω = ω(ιωP ,ιωQ,ιωR,O(IP,QI,ψI )(JI)).
Proof. First notice that I(ιωP ,ιωQ,ιωR,O(IP,QI,ψI )(JI)) = ker ι
ω
R = ker(ι
JI
RI
◦ ℘I) = ker℘I = I by
injectivity of ιJIRI .
Let x ∈ J . Then we have that ℘I(x) ∈ JI and thus that
ιωR(x) = ι
JI
RI
(℘I(x)) = pi
JI (∆I(℘I(x))) ∈ piJI (FIP (QI)) = piJI(℘I(FP (Q))) = piιωQ,ιωP (FP (Q)) ,
and therefore x ∈ (ιωR)−1(piιωQ,ιωP (FP (Q))). This shows that J ⊆ J(ιωP ,ιωQ,ιωR,O(IP,QI ,ψI )(JI)).
Assume now that x ∈ J(ιωP ,ιωQ,ιωR,O(IP,QI ,ψI )(JI)). Then we have
ιJIRI (℘I(x)) = ι
ω
R(x) ∈ piιωQ,ιωP (FP (Q)) = piJI (℘I(FP (Q))) = piJI (FIP (QI)).
Since JI ⊆ ∆−1I (FIP (QI)) and JI ∩ ker∆I = 0, it follows from Proposition 3.28 that ℘I(x) ∈
JI . Thus x ∈ J which shows that J(ιωP ,ιωQ,ιωR,O(IP,QI ,ψI )(JI)) ⊆ J . 
Lemma 7.10. Let R be a ring and (P,Q, ψ) an R-system. Let (S, T, σ, B) be a covariant
representation and let I be a ψ-invariant ideal of R. Then we have:
(1) If there is a covariant representation (SI , TI , σI , B) of (IP,QI , ψI) such that T =
TI ◦ ℘I , S = SI ◦ ℘I and σ = σI ◦ ℘I , then I ⊆ I(S,T,σ,B).
(2) If I ⊆ I(S,T,σ,B), then there exists a unique covariant representation (SI , TI , σI , B) of
(IP,QI , ψI) such that T = TI ◦ ℘I , S = SI ◦ ℘I and σ = σI ◦ ℘I .
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(3) If I ⊆ I(S,T,σ,B), then the covariant representation (SI , TI , σI , B) is injective if and
only if I = I(S,T,σ,B).
(4) If I ⊆ I(S,T,σ,B), then the covariant representation (SI , TI , σI , B) is surjective and
graded if and only if (S, T, σ, B) is.
(5) If I ⊆ I(S,T,σ,B) and (I, J) is a T -pair of (P,Q, ψ), then the covariant representation
(SI , TI , σI , B) is Cuntz-Pimsner invariant relative to JI if and only if J ⊆ J(S,T,σ,B).
Proof. If there is a covariant representation (SI , TI , σI , B) of (IP,QI , ψI) such that T = TI◦℘I ,
S = SI ◦ ℘I and σ = σI ◦ ℘I , then I ⊆ I(S,T,σ,B).
Assume now that I ⊆ I(S,T,σ,B). It follows from Lemma 7.7 that we can define maps
σI : RI −→ B by letting σI(r + I) = σ(r) for every r ∈ R, TI : QI −→ B by letting
TI(q + QI) = T (q) for every q ∈ Q and SI : IP −→ B by letting SI(p + IP ) = S(p) for
every p ∈ P . it is then clear that (SI , TI , σI , B) is a covariant representation of (IP,QI , ψI)
satisfying T = TI ◦ ℘I , S = SI ◦ ℘I and σ = σI ◦ ℘I . It is also clear that (SI , TI , σI , B) is
the unique covariant representation of (IP,QI , ψI) with this property. Finally it is straight
forward to check that (SI , TI , σI , B) is injective if and only if I = I(S,T,σ,B), that (SI , TI , σI , B)
is surjective and graded if and only if (S, T, σ, B) is, and that (SI , TI , σI , B) is Cuntz-Pimsner
invariant relative to JI if and only if J ⊆ J(S,T,σ,B). 
Theorem 7.11. Let R be a ring and (P,Q, ψ) an R-system that satisfies condition (FS).
Let (S, T, σ, B) be a covariant representation of and let ω = (I, J) be a T -pair of (P,Q, ψ).
Then we have:
(1) If there is a ring homomorphism η : O(IP,QI ,ψI)(JI) −→ B such that η ◦ ιωR = σ,
η ◦ ιωQ = T and η ◦ ιωP = S, then I ⊆ I(S,T,σ,B) and J ⊆ J(S,T,σ,B).
(2) If I ⊆ I(S,T,σ,B) and J ⊆ J(S,T,σ,B), then there exists a unique ring homomorphism
ηω(S,T,σ,B) : O(IP,QI ,ψI)(JI) −→ B such that ηω(S,T,σ,B) ◦ ιωR = σ, ηω(S,T,σ,B) ◦ ιωQ = T and
ηω(S,T,σ,B) ◦ ιωP = S.
(3) If I ⊆ I(S,T,σ,B) and J ⊆ J(S,T,σ,B), then ηω(S,T,σ,B) is an isomorphism if and only if
(S, T, σ, B) is a surjective and graded representation and ω = ω(S,T,σ,B).
Proof. It is easy to check that if there exists a ring homomorphism η : O(IP,QI ,ψI)(JI) −→ B
such that η ◦ ιωR = σ, η ◦ ιωQ = T and η ◦ ιωP = S, then I ⊆ I(S,T,σ,B) and J ⊆ J(S,T,σ,B).
Assume now that I ⊆ I(S,T,σ,B) and J ⊆ J(S,T,σ,B). It follows from Lemma 7.10 that
there exists a covariant representation (SI , TI , σI , B) of (IP,QI , ψI) which is Cuntz-Pimsner
invariant relative to JI such that T = TI ◦ ℘I , S = SI ◦ ℘I and σ = σI ◦ ℘I . It then follows
from Theorem 3.18 that there exists a ring homomorphism ηω(S,T,σ,B) : O(IP,QI ,ψI)(JI) −→ B
such that ηω(S,T,σ,B) ◦ ιJIRI = σI , ηω(S,T,σ,B) ◦ ιJIQI = TI and ηω(S,T,σ,B) ◦ ιJIIP = SI . It follows that
ηω(S,T,σ,B) ◦ ιωR = σ, ηω(S,T,σ,B) ◦ ιωQ = T and ηω(S,T,σ,B) ◦ ιωP = S. Since O(IP,QI ,ψI)(JI) is generated
by ιωR(R), ι
ω
Q(Q) and ι
ω
P (P ), the uniqueness of η
ω
(S,T,σ,B) follows.
Assume that ηω(S,T,σ,B) is an isomorphism. Then (S, T, σ, B) is a surjective and graded,
and ω(ιωP ,ιωQ,ιωR,O(IP,QI ,ψI )(JI)) = ω(S,T,σ,B). It therefore follows from Proposition 7.9 that ω =
ω(S,T,σ,B).
Finally assume that (S, T, σ, B) is surjective and graded, and that ω = ω(S,T,σ,B). Then it
follows from Lemma 7.10 that (SI , TI , σI , B) is surjective, injective and graded, and it is easy
to check that JI = ℘I(J(S,T,σ,B)) = J(SI ,TI ,σI ,B), and hence from Theorem 3.29 we get that
ηω(S,T,σ,B) is an isomorphism. 
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We now have the promised classification of all surjective and graded covariant representa-
tions of a given R-system satisfying condition (FS).
Remark 7.12. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
Then it follows from Proposition 7.8 and Theorem 7.11 that every surjective and graded
covariant of (P,Q, ψ) is isomorphic to (ιωP , ι
ω
Q, ι
ω
R,O(IP,QI ,ψI)(JI)) for some T -pair ω = (I, J)
of (P,Q, ψ). It also follows that if ω1 = (I1, J1) and ω2 = (I2, J2) are two T -pairs of (P,Q, ψ),
then there is a ring homomorphism φ : O(I1P,QI1 ,ψI1 )((J1)I1) −→ O(I2P,QI2 ,ψI2 )((J2)I2) such
that φ ◦ ιω1R = ιω2R , φ ◦ ιω1P = ιω2P and φ ◦ ιω1Q = ιω2Q if and only if I1 ⊆ I and J1 ⊆ J2.
Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS). If (I, J) is
a pair of two-sided ideals of R such that I ⊆ J , the ideal I is ψ-invariant and ℘I(J) ⊆
∆−1I (FIP (QI)), then (ιJIPI ◦ ℘I , ιJIQI ◦ ℘I , ιJIRI ◦ ℘I ,O(IP,QI ,ψI)(JI)) is a surjective and graded
covariant representation of (P,Q, ψ), even though ℘I(J)∩ker∆I 6= 0, and it then follows from
the previous remark that this representation is isomorphic to (ιω
′
P , ι
ω′
Q , ι
ω′
R ,O(I′P,QI′ ,ψI′ )(J ′I′)) for
some T -pair ω′ = (I ′, J ′). We will now describe this T -pair in terms of the pair (I, J). We
will begin with the case where I = {0}, but first a lemma:
Lemma 7.13. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
If x ∈ ∆−1(FP (Q)), q ∈ Q⊗n and p ∈ P⊗n, then θqx,p ⊗ 1Q ∈ FP⊗n+1(Q⊗n+1) and
(7.1) pi(θqx,p ⊗ 1Q) = ιnQ(q)pi(∆(x))ιnP (p).
Proof. Choose q1, q2, . . . , qk ∈ Q and p1, p2, . . . , pk ∈ P such that ∆(x) =
∑k
i=1 θqi,pi. Then
we have for qn ∈ Q⊗n and q1 ∈ Q that
θqx,p ⊗ 1Q(q⊗n ⊗ q1) = q ⊗ xψn(p⊗ qn)q1 =
k∑
i=1
q ⊗ qiψ
(
pi ⊗ ψn(p⊗ qn)q1
)
=
k∑
i=1
q ⊗ qiψn+1
(
(pi ⊗ p)⊗ (qn ⊗ q1)
)
=
k∑
i=1
θq⊗qi,pi⊗p(q
n ⊗ q1).
It follows that θqx,p ⊗ 1Q =
∑k
i=1 θq⊗qi,pi⊗p ∈ FP⊗n+1(Q⊗n+1) and that
pi(θqx,p ⊗ 1Q) =
k∑
i=1
ιnQ(q)ιQ(qi)ιP (pi)ι
n
P (p) = ι
n
Q(q)pi(∆(x))ι
n
P (p).

Let R be a ring and let (P,Q, ψ) be an R-system. For every x ∈ R we define ∆n(x) ∈
LP⊗n(Q⊗n) inductively by letting ∆1(x) = ∆(x) and ∆n(x) = ∆n−1(x)⊗ 1Q for n ≥ 2.
Lemma 7.14. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS), and
let J be a two-sided ideal of R such that J ⊆ ∆−1(FP (Q)). If we let
I = {x ∈ J | ∀m ∈ N : ∆m(x)(Q⊗m) ⊆ Q⊗mJ ∧ ∃n ∈ N : ∆n(x) = 0},
then I = I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)) and J = J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)).
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Proof. Let x ∈ I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)). Then ιR(x) ∈ T (J). It follows from Lemma 3.21 that
ιR(x) = P(0,0)(ιR(x)) ∈ ιR(J) and that there is an n ∈ N such that ιnQ(xq) = ιR(x)ιnQ(q) = 0
for every q ∈ Q⊗n. Since ιR and ιnQ are injective (cf. Theorem 1.7 and Lemma 3.9) it follows
that x ∈ J and that ∆n(x) = 0. It also follows from Lemma 3.21 that
ιR(x) = ιR(x)− pi(∆(x)) +
n−1∑
i=1
mi∑
j=1
ιiQ(q
i
j)
(
ιR(x
i
j)− pi(∆(xij))
)
ιP (p
i
j)
for some xij ∈ J , qij ∈ Q⊗i, pij ∈ P⊗i. We will by induction show that
(7.2) ∆i(x) =
mi∑
j=1
θqijxij ,pij
for every i ∈ {1, 2, . . . , n−1}. It will then follow that ∆i(x)(q) =∑mij=1 qijxijψj(pij⊗q) ∈ Q⊗iJ
for every i ∈ {1, 2, . . . , n− 1} and every q ∈ Q⊗i, and thus that x ∈ I.
For i = 1 we have
0 = P(1,1)(ιR(x)) = −pi(∆(x)) +
m1∑
j=1
ιQ(q
1
j )ιR(x
1
j )ιP (p
1
j).
Thus we have
pi(∆(x)) =
m1∑
j=1
ιQ(q
1
j )ιR(x
1
j )ιP (p
1
j) = pi
(
m1∑
j=1
θq1jx1j ,p1j
)
and since pi is injective (cf. Proposition 3.11), it follows that Equation (7.2) holds for i = 1.
Let k ∈ {1, 2, . . . , n− 2} and assume that Equation (7.2) holds for i = k. We have that
0 = P(k+1,k+1)(ιR(x)) = −
mk∑
j=1
ιkq (q
k
j )pi(∆(x
k
j ))ι
i
P (p
k
j ) +
mk+1∑
j=1
ιQ(q
k+1
j )ιR(x
k+1
j )ιP (p
k+1
j ).
It follows that if qk ∈ Q⊗k and q1 ∈ Q, then we have that
ιk+1Q (∆
k+1(x)(qk ⊗ q1) = pi(∆k(x))ιkQ(qk)ιQ(q1) =
mk∑
j=1
ιQ(q
k
j )ιR(x
k
j )ι
k
P (p
k
j )ι
k
Q(qk)ιQ(q1)
=
mk∑
j=1
ιkQ(q
k
j )pi(∆(x
k
j ))ι
k
P (p
k
j )ι
k
Q(qk)ιQ(q1)
=
mk+1∑
j=1
ιk+1Q (q
k+1
j )ιR(x
k+1
j )ι
k+1
P (p
k+1
j )ιQ(qk)ιQ(q1)
= ιk+1Q
(
mk+1∑
j=1
θqk+1j x
k+1
j ,p
k+1
j
(qk ⊗ q1)
)
,
and since ιk+1Q is injective and Q
k+1 = span{qk ⊗ q1 | qk ∈ Q⊗k, q1 ∈ Q}, it follows that
Equation (7.2) holds for i = k+1. Hence Equation (7.2) holds for every i ∈ {1, 2, . . . , n− 1}.
We have thus proved that I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)) ⊆ I.
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Let x ∈ J and assume that ∆m(x)(Q⊗m) ⊆ Q⊗mJ for all m ∈ N and that there is an n ∈ N
such that ∆n(x) = 0. We will by induction show that there for every i ∈ {1, 2, . . . , n − 1}
exist xij ∈ J , qij ∈ Q⊗i, pij ∈ P⊗i such that
(7.3) ∆i(x) =
mi∑
j=1
θqijxij ,pij
and such that ∆i+1(x) ∈ FP⊗i+1(Q⊗i+1) and
(7.4) pi(∆i+1(x)) =
mi∑
j=1
ιiQ(q
i
j)pi(∆(x
i
j))ι
i
P (p
i
j).
It will then follow that we have
ιR(x) = ιR(x)− pi(∆(x)) +
n−1∑
i=1
mi∑
j=1
ιiQ(q
i
j)
(
ιR(x
i
j)− pi(∆(xij))
)
ιiP (p
i
j) ∈ T (J),
and thus that x ∈ I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)).
Choose q1, q2, . . . , qk ∈ Q, p1, p2, . . . , pk ∈ P such that ∆(x) =
∑k
j=1 θqj ,pj . It follows
from condition (FS) that there exist q′1, q
′
2, . . . , q
′
h ∈ Q and p′1, p′2, . . . , p′h ∈ P such that∑h
l=1 θp′l,q′l(pj) = pj for every j ∈ {1, 2, . . . , k}. We then have that
∆(x) =
k∑
j=1
θqj ,pj =
k∑
j=1
θqj ,
Ph
l=1 ψ(pj⊗q
′
l)p
′
l
=
h∑
l=1
θ∆(x)q′
l
,p′
l
.
Since ∆(x)q′l ∈ QJ for each l ∈ {1, 2, . . . , h}, it follows that there exist x1j ∈ J , q1j ∈ Q,
p1j ∈ P such that Equation (7.3) holds for i = 1. It then follows from Lemma 7.13 that also
Equation (7.4) holds for i = 1.
Assume then that k ∈ {1, 2, . . . , n−1} and that there exist xkj ∈ J , qkj ∈ Q⊗k, pkj ∈ P⊗k such
that Equation (7.4) holds for i = k. For each j ∈ {1, 2, . . . , mk} choose q(j,1), q(j,2), . . . , q(j,nj) ∈
Q and p(j,1), p(j,2), . . . , p(j,nj) ∈ P such that ∆(xkj ) =
∑nj
h=1 θq(j,h),p(j,h). If q
k ∈ Q⊗k and q1 ∈ Q,
then we have
ιk+1Q
(
∆k+1(x)(qk ⊗ q1)) = mk∑
j=1
ιkQ(q
k
j )ιR(x
k
j )ι
k
P (p
k
j )ι
k
Q(qk)ιQ(q
1)
=
mk∑
j=1
ιkQ(q
k
j )ιQ
(
xkjψ(p
k
j ⊗ qk)q1
)
=
mk∑
j=1
ιkQ(q
k
j )pi(∆(x
k
j ))ιQ
(
ψ(pkj ⊗ qk)q1
)
=
mk∑
j=1
ιkQ(q
k
j )
(
nj∑
h=1
ιQ(q(j,h))ιP (p(j,h))
)
ιQ
(
ψ(pkj ⊗ qk)q1
)
= ιk+1Q
(
mk∑
j=1
nj∑
h=1
θqkj⊗q(j,h),p(j,h)⊗pkj (q
k ⊗ q1)
)
.
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It follows that ∆k+1(x) =
∑mk
j=1
∑nj
h=1 θqkj⊗q(j,h),p(j,h)⊗pkj . By condition (FS) there exist q
′
1, q
′
2, . . . , q
′
r ∈
Q⊗k+1 and p′1, p
′
2, . . . , p
′
r ∈ P⊗k+1 such that
∑r
l=1 θp′l,q′l(p(j,h) ⊗ pkj ) = p(j,h) ⊗ pkj for every
j ∈ {1, 2, . . . , mk} and every h ∈ {1, 2, . . . , nj}. We then have that
∆k+1(x) =
mk∑
j=1
nj∑
h=1
θqkj⊗q(j,h),p(j,h)⊗pkj =
mk∑
j=1
nj∑
h=1
θqkj⊗q(j,h),
Pr
l=1 ψk+1((p(j,h)⊗p
k
j )⊗q
′
l
)p′
l
=
r∑
l=1
θ∆k+1(x)q′
l
,p′
l
.
Since ∆k+1(x)q′l ∈ Qk+1J for each l ∈ {1, 2, . . . , r}, it follows that there exist xk+1j ∈ J ,
qk+1j ∈ Q⊗k+1, pk+1j ∈ P⊗k+1 such that Equation (7.3) holds for i = k + 1. It then follows
from Lemma 7.13 that also Equation (7.4) holds for i = k + 1.
Thus there exist for every i ∈ {1, 2, . . . , n − 1} elements xij ∈ J , qij ∈ Q⊗i, pij ∈ P⊗i
such that Equation (7.3) and (7.4) hold, and x ∈ I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)). This shows that I ⊆
I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)), and so we have proved that I = I(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)).
We will now show that J = J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)). If x ∈ J , then ιR(x) − pi(∆(x)) ∈
T (J), so ιJR(x) = piJ(∆(x)) and x ∈ J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)). In the other direction, if x ∈
J(ιJP ,ιJQ,ιJR,O(P,Q,ψ)(J)), then it follows from Lemma 3.24 that ι
J
R(x) = pi
J(∆(x)) and so ιR(x) −
pi(∆(x)) ∈ T (J). It then follows from Lemma 3.21 that ιR(x) = P(0,0)(ιR(x) − pi(∆(x))) ∈
ιR(J), and since ιR is injective, we have x ∈ J . 
Proposition 7.15. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS).
Let (I, J) be a pair of two-sided ideals of R such that I ⊆ J , the ideal I is ψ-invariant and
℘I(J) ⊆ ∆−1I (FIP (QI)). If we let
I ′ = {x ∈ J | ∀m ∈ N : ∆mI (x)(Q⊗mI ) ⊆ Q⊗mI JI ∧ ∃n ∈ N : ∆nI (x) = 0},
then I ′ = I
(ι
JI
PI
◦℘I ,ι
JI
QI
◦℘I ,ι
JI
RI
◦℘I ,O(IP,QI ,ψI )(JI))
and J = J
(ι
JI
PI
◦℘I ,ι
JI
QI
◦℘I ,ι
JI
RI
◦℘I ,O(IP,QI ,ψI )(JI))
.
Proof. It is clear that we have
I
(ι
JI
PI
◦℘I ,ι
JI
QI
◦℘I ,ι
JI
RI
◦℘I ,O(IP,QI ,ψI )(JI))
= ℘−1I (I(ιJI
IP
,ι
JI
QI
,ι
JI
RI
,O(IP,QI ,ψI )(JI ))
)
J
(ι
JI
PI
◦℘I ,ι
JI
QI
◦℘I ,ι
JI
RI
◦℘I ,O(IP,QI ,ψI )(JI ))
= ℘−1I (J(ιJI
IP
,ι
JI
QI
,ι
JI
RI
,O(IP,QI ,ψI )(JI))
),
and the result then follows from Lemma 7.14. 
7.2. Products and coproducts in C(P,Q,ψ). We will show that if R is a ring and (P,Q, ψ)
is an R-system, then C(P,Q,ψ) has products and coproducts, and we will, in the case where
(P,Q, ψ) satisfies condition (FS), show how the product and coproduct are related to T -pairs
of (P,Q, ψ).
Proposition 7.16. Let R be a ring, let (P,Q, ψ) be an R-system and let ((Sλ, Tλ, σλ, Bλ))λ∈Λ
be a family of surjective covariant representations of (P,Q, ψ).
Then the product of ((Sλ, Tλ, σλ, Bλ))λ∈Λ in C(P,Q,ψ) exists; i.e., there exists a surjective co-
variant representation (SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
of (P,Q, ψ) and a family (φλ)λ∈Λ of ring homomorphisms φλ : B
Q
j∈Λ(Sj ,Tj ,σj ,Bj)
−→ Bλ sat-
isfying φλ ◦ SQj∈Λ(Sj ,Tj ,σj ,Bj) = Sλ, φλ ◦ TQj∈Λ(Sj ,Tj ,σj ,Bj) = Tλ and φλ ◦ σQj∈Λ(Sj ,Tj ,σj ,Bj) = σλ
for all λ ∈ Λ, with the following property:
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(PR) If (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and there for each
λ ∈ Λ exists a ring homomorphism ψλ : B −→ Bλ such that ψλ ◦ T = Tλ, ψλ ◦ S =
Sλ and ψλ ◦ σ = σλ, then there exists a unique ring homomorphism τ : B −→
BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
such that τ ◦ S = SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, τ ◦ T = TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
and
τ ◦ σ = σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, and such that φλ ◦ τ = ψλ for each λ ∈ Λ.
We furthermore have that the surjective covariant representation
(SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
and the family (φλ)λ∈Λ are, up to isomorphism, the unique pair which possesses property
(PR); in fact if (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and (ψλ)λ∈Λ
is a family of ring homomorphisms ψλ : B −→ Bλ satisfying ψλ ◦ S = Sλ, ψλ ◦ T = Tλ and
ψλ ◦ σ = σλ for each λ ∈ Λ, and ϕ : BQλ∈Λ(Sλ,Tλ,σλ,Bλ) −→ B is a ring homomorphism such
that ϕ ◦ SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= S, ϕ ◦ TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= T and ϕ ◦ σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= σ, then
ϕ is an isomorphism.
Moreover, x ∈ BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
is zero if and only if φλ(x) = 0 for all λ ∈ Λ.
Proof. Let H = ∩λ∈Λ ker η(Sλ,Tλ,σλ,Bλ) where for each λ ∈ Λ the homomorphism η(Sλ,Tλ,σλ,Bλ) :
T(P,Q,ψ) −→ Bλ is the homomorphism given by Theorem 1.7. If the family ((Sλ, Tλ, σλ, Bλ))λ∈Λ
is empty, then we let H = T(P,Q,ψ). Let ℘H : T(P,Q,ψ) −→ T(P,Q,ψ)/H be the corresponding quo-
tient map, and let SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= ℘H ◦ιP , TQλ∈Λ(Sλ,Tλ,σλ,Bλ) = ℘H ◦ιQ, σQλ∈Λ(Sλ,Tλ,σλ,Bλ) =
℘H ◦ ιR and BQλ∈Λ(Sλ,Tλ,σλ,Bλ) = T(P,Q,ψ)/H . We then have that
(SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
is a surjective covariant representation of (P,Q, ψ). We also have that there for each λ ∈ Λ is
a ring homomorphism φλ : BQj∈Λ(Sj ,Tj ,σj ,Bj) −→ Bλ satisfying φλ ◦SQj∈Λ(Sj ,Tj ,σj ,Bj) = Sλ, φλ ◦
TQ
j∈Λ(Sj ,Tj ,σj ,Bj)
= Tλ and φλ ◦ σQj∈Λ(Sj ,Tj ,σj ,Bj) = σλ, and we have that x ∈ BQλ∈Λ(Sλ,Tλ,σλ,Bλ)
is zero if and only if φλ(x) = 0 for all λ ∈ Λ.
If (T, S, σ, B) is a surjective covariant representation of (P,Q, ψ) and there for each λ ∈ Λ
exists a ring homomorphism ψλ : B −→ Bλ such that ψλ ◦ S = Sλ, ψλ ◦ T = Tλ and
ψλ ◦ σ = σλ, then ker η(S,T,σ,B) ⊆ H where η(S,T,σ,B) : T(P,Q,ψ) −→ B is the homomorphism
given by Theorem 1.7, and it follows that there is a unique ring homomorphism τ : B −→
BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
such that τ ◦ S = SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, τ ◦ T = TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
and τ ◦
σ = σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, and such that φλ ◦ τ = ψλ for each λ ∈ Λ. If there in addition
is a ring homomorphism ϕ : BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
−→ B such that ϕ ◦ SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= S,
ϕ ◦ TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= T and ϕ ◦ σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= σ, then τ is an inverse of ϕ, and it
follows that ϕ is an isomorphism. 
Proposition 7.17. Let R be a ring, let (P,Q, ψ) be an R-system and let ((Sλ, Tλ, σλ, Bλ))λ∈Λ
be a family of surjective covariant representations of (P,Q, ψ).
Then the coproduct of ((Sλ, Tλ, σλ, Bλ))λ∈Λ in C(P,Q,ψ) exists; i.e., there exists a surjective co-
variant representation (S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
of (P,Q, ψ) and a family (φλ)λ∈Λ of ring homomorphisms φλ : Bλ −→ B‘j∈Λ(Sj ,Tj ,σj ,Bj) sat-
isfying φλ ◦ Sλ = S‘j∈Λ(Sj ,Tj ,σj ,Bj), φλ ◦ Tλ = T‘j∈Λ(Sj ,Tj ,σj ,Bj) and φλ ◦ σλ = σ‘j∈Λ(Sj ,Tj ,σj ,Bj)
for all λ ∈ Λ, with the following property:
(CO) If (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and there for each
λ ∈ Λ exists a ring homomorphism ψλ : Bλ −→ B such that ψλ ◦Sλ = S, ψλ ◦Tλ = T
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and ψλ◦σλ = σ, then there exists a unique ring homomorphism τ : B‘λ∈Λ(Sλ,Tλ,σλ,Bλ) −→
B such that τ◦S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= S, τ◦T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= T and τ◦σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
=
σ, and such that τ ◦ φλ = ψλ for each λ ∈ Λ.
We furthermore have that the surjective covariant representation
(S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
and the family (φλ)λ∈Λ are, up to isomorphism, the unique pair which possesses property
(CO); in fact if (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and (ψλ)λ∈Λ
is a family of ring homomorphisms ψλ : Bλ −→ B satisfying ψλ ◦ Sλ = S, ψλ ◦ Tλ = T and
ψλ ◦ σλ = σ for each λ ∈ Λ, and ϕ : B −→ B‘λ∈Λ(Sλ,Tλ,σλ,Bλ) is a ring homomorphism such
that ϕ ◦ S = S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, ϕ ◦ T = T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
and ϕ ◦ σ = σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, then
ϕ is an isomorphism.
Moreover, if each (Sλ, Tλ, σλ, Bλ) is graded, then the surjective covariant representation
(S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
) is also graded.
Proof. Let H be the smallest two-sided ideal of T(P,Q,ψ) which contains ∪λ∈Λ ker η(Sλ,Tλ,σλ,Bλ)
where for each λ ∈ Λ the homomorphism η(Sλ,Tλ,σλ,Bλ) : T(P,Q,ψ) −→ Bλ is the homomorphism
given by Theorem 1.7. Let ℘H : T(P,Q,ψ) −→ T(P,Q,ψ)/H be the corresponding quotient map,
and let S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= ℘H ◦ ιP , T‘λ∈Λ(Sλ,Tλ,σλ,Bλ) = ℘H ◦ ιQ, σ‘λ∈Λ(Sλ,Tλ,σλ,Bλ) = ℘H ◦ ιR
and B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= T(P,Q,ψ)/H . We then have that
(S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
is a surjective covariant representation of (P,Q, ψ). We also have that there for each λ ∈ Λ
is a ring homomorphism φλ : Bλ −→ B‘j∈Λ(Sj ,Tj ,σj ,Bj) satisfying φλ ◦ Sλ = S‘j∈Λ(Sj ,Tj ,σj ,Bj),
φλ ◦ Tλ = T‘j∈Λ(Sj ,Tj ,σj ,Bj) and φλ ◦ σλ = σQj∈Λ(Sj ,Tj ,σj ,Bj).
If (Sλ, Tλ, σλ, Bλ) is graded, then ker η(Sλ,Tλ,σλ,Bλ) is a graded two-sided ideal of T(P,Q,ψ). It
easily follows that if each (Sλ, Tλ, σλ, Bλ) is graded, then H is a two-sided graded ideal of
T(P,Q,ψ), and thus that (S‘λ∈Λ(Sλ,Tλ,σλ,Bλ), T‘λ∈Λ(Sλ,Tλ,σλ,Bλ), σ‘λ∈Λ(Sλ,Tλ,σλ,Bλ), B‘λ∈Λ(Sλ,Tλ,σλ,Bλ))
is also graded.
If (S, T, σ, B) is a surjective covariant representation of (P,Q, ψ) and there for each λ ∈ Λ
exists a ring homomorphism ψλ : Bλ −→ B such that ψλ◦Sλ = S, ψλ◦Tλ = T and ψλ◦σλ = σ,
then H ⊆ ker η(S,T,σ,B) where η(S,T,σ,B) : T(P,Q,ψ) −→ B is the homomorphism given by Theo-
rem 1.7, and it follows that there is a unique ring homomorphism τ : B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
−→ B
such that τ ◦ S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= S, τ ◦ T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= T and τ ◦ σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= σ,
and such that τ ◦ φλ = ψλ for each λ ∈ Λ. If there in addition is a ring homomorphism
ϕ : B −→ B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
such that ϕ ◦ S = S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, ϕ ◦ T = T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
and ϕ ◦ σ = σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, then τ is an inverse of ϕ, and it follows that ϕ is an isomor-
phism. 
Lemma 7.18. Let R be a ring and let (P,Q, ψ) be an R-system. If (S1, T1, σ1, B1) and
(S2, T2, σ2, B2) are two covariant representations of (P,Q, ψ) and φ : B1 −→ B2 is a ring
homomorphism satisfying φ ◦ T1 = T2, φ ◦ S1 = S2 and φ ◦ σ1 = σ2, then the following holds:
(1) If (S2, T2, σ2, B2) is injective, then so is (S1, T1, σ1, B1).
(2) If φ is surjective and (S2, T2, σ2, B2) is surjective and graded, then so is (S1, T1, σ1, B1).
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Proof. That (1) holds is obvious. If φ is surjective and (S2, T2, σ2, B2) is surjective and
graded, then it follows from Proposition 3.2 that ⊕n∈Zη(S2,T2,σ2,B2)(T (n)(P,Q,ψ)) is a grading of B2.
It follows that ⊕n∈Zη(S1,T1,σ1,B1)(T (n)(P,Q,ψ)) is a grading of B1, and thus that (S1, T1, σ1, B1) is
graded. 
Proposition 7.19. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let Ω = (ωλ)λ∈Λ = ((Iλ, Jλ))λ∈Λ be a non-empty family of T -pairs of (P,Q, ψ). For each
λ ∈ Λ denote by Γλ the covariant representation (ιωλP , ιωλQ , ιωλR ,O(IλP,QIλ ,RIλ )((Jλ)Iλ)). Then
we have:
(1) If we let IQΩ = ∩λ∈ΛIλ and JQΩ = ∩λ∈ΛJλ, then the pair ωQΩ = (IQΩ, JQΩ) is a
T -pair of (P,Q, ψ), and the covariant representation(
SQ
λ∈Λ Γλ
, TQ
λ∈Λ Γλ
, σQ
λ∈Λ Γλ
, BQ
λ∈Λ Γλ
)
is surjective and graded, and it is isomorphic to(
ι
ωQΩ
P , ι
ωQΩ
Q , ι
ωQΩ
R ,O(IQΩP,QIQΩ ,ψIQΩ )
(
(JQΩ)IQΩ
))
.
(2) If we let I be the smallest two-sided ideal of R containing ∪λ∈ΛIλ, J‘Ω be the small-
est two-sided ideal of R containing ∪λ∈ΛJλ and I‘Ω = {x ∈ J‘Ω | ∀m ∈ N :
∆mI (x)(Q
⊗m
I ) ⊆ Q⊗mI (J‘Ω)I ∧ ∃n ∈ N : ∆nI (x) = 0}, then the pair ω‘Ω = (I‘Ω, J‘Ω)
is a T -pair of (P,Q, ψ), and the covariant representation(
S‘
λ∈Λ Γλ
, T‘
λ∈Λ Γλ
, σ‘
λ∈Λ Γλ
, B‘
λ∈Λ Γλ
)
is surjective and graded, and it is isomorphic to(
ι
ω‘Ω
P , ι
ω‘Ω
Q , ι
ω‘Ω
R ,O(I‘ΩP,QI‘Ω ,ψI‘Ω )
(
(J‘Ω)I‘Ω
))
.
Proof. (1): It follows from Lemma 7.18 that the surjective covariant representation(
SQ
λ∈Λ Γλ
, TQ
λ∈Λ Γλ
, σQ
λ∈Λ Γλ
, BQ
λ∈Λ Γλ
)
is graded. It therefore follows from Proposition 7.8 and Theorem 7.11 that(
SQ
λ∈Λ Γλ
, TQ
λ∈Λ Γλ
, σQ
λ∈Λ Γλ
, BQ
λ∈Λ Γλ
)
is isomorphic to (ιωP , ι
ω
Q, ι
ω
R,O(IP,QI ,ψI)(JI)) for some T -pair ω = (I, J) of (P,Q, ψ). It follows
from Lemma 3.24 and Proposition 7.16 that we have
x ∈ I ⇐⇒ σQ
λ∈Λ Γλ
(x) = 0 ⇐⇒ ∀λ ∈ Λ : ιωλR (x) = 0 ⇐⇒ x ∈ ∩λ∈ΛIλ = IQΩ
and
x ∈ J ⇐⇒ σQ
λ∈Λ Γλ
(x) = piTQ
λ∈Λ Γλ
,SQ
λ∈Λ Γλ
(∆(x))
⇐⇒ ∀λ ∈ Λ : ιωλR (x) = piιωQ,ιωP (∆(x)) ⇐⇒ x ∈ ∩λ∈ΛJλ = JQΩ
from which (1) follows.
(2): It follows from Proposition 7.17 that the representation(
S‘
λ∈Λ Γλ
, T‘
λ∈Λ Γλ
, σ‘
λ∈Λ Γλ
, B‘
λ∈Λ Γλ
)
is surjective and graded.
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It is easy to check that I ⊆ J‘Ω, that I is ψ-invariant and that ℘I(J‘Ω) ⊆ ∆−1I (FIP (QI)).
It therefore follows from Proposition 7.8 and 7.15 that (I‘Ω, J
‘
Ω) is a T -pair of (P,Q, ψ).
We have for each λ ∈ Λ that Iλ ⊆ I‘Ω and Jλ ⊆ J‘Ω so it follows from Proposition 7.9
and Theorem 7.11 (2) that there exists a ring homomorphism
ψλ : O(IλP,QIλ ,RIλ )((Jλ)Iλ) −→ O(I‘ ΩP,QI‘Ω ,RI‘Ω)((J‘Ω)I‘Ω)
such that ψλ ◦ ιωλR = ι
ω‘Ω
R , ψλ ◦ ιωλQ = ι
ω‘Ω
Q and ψλ ◦ ιωλP = ι
ω‘Ω
P .
We will show that there exists a ring homomorphism
φ : O(I‘ ΩP,QI‘Ω ,RI‘Ω)((J‘Ω)I‘Ω) −→ B‘λ∈Λ Γλ
such that φ◦ ιω‘ΩR = σ‘λ∈Λ Γλ , φ◦ ι
ω‘Ω
Q = T
‘
λ∈Λ Γλ
and φ◦ ιω‘ΩP = S‘λ∈Λ Γλ . It will then follow
from Proposition 7.17 that the two representations(
S‘
λ∈Λ Γλ
, T‘
λ∈Λ Γλ
, σ‘
λ∈Λ Γλ
, B‘
λ∈Λ Γλ
)
and (
ι
ω‘Ω
P , ι
ω‘Ω
Q , ι
ω‘Ω
R ,O(I‘ΩP,QI‘Ω ,ψI‘Ω )
(
(J‘Ω)I‘Ω
))
are isomorphic.
We have for each λ ∈ Λ that there is a ring homomorphism φλ : O(IλP,QIλ ,RIλ )((Jλ)Iλ −→
B‘
λ∈Λ Γλ
such that φλ ◦ ιωλR = σ‘λ∈Λ Γλ , φλ ◦ ιωλQ = T‘λ∈Λ Γλ and φλ ◦ ιωλP = S‘λ∈Λ Γλ . It follows
from Theorem 7.11 that we have
Iλ ⊆ I(S‘
λ∈Λ Γλ
,T‘
λ∈Λ Γλ
,σ‘
λ∈Λ Γλ
,B‘
λ∈Λ Γλ
)
and
Jλ ⊆ J(S‘
λ∈Λ Γλ
,T‘
λ∈Λ Γλ
,σ‘
λ∈Λ Γλ
,B‘
λ∈Λ Γλ
).
We therefore have that
I ⊆ I(S‘
λ∈Λ Γλ
,T‘
λ∈Λ Γλ
,σ‘
λ∈Λ Γλ
,B‘
λ∈Λ Γλ
)
and
(7.5) J‘Ω ⊆ J(S‘
λ∈Λ Γλ
,T‘
λ∈Λ Γλ
,σ‘
λ∈Λ Γλ
,B‘
λ∈Λ Γλ
).
It then follows from Lemma 7.10 that there exists a covariant representation (S, T, σ, B‘
λ∈Λ Γλ
)
of (IP,QI , ψI) such that S ◦ ℘I = S‘λ∈Λ Γλ , T ◦ ℘I = T‘λ∈Λ Γλ and σ ◦ ℘I = σ‘λ∈Λ Γλ .
It follows from Equation (7.5) that this representation is Cuntz-Pimsner invariant relative
to (J‘Ω)I , and it then follows from Theorem 3.18 that there is a ring homomorphism η :
O(IP,QI ,ψI)((J‘Ω)I) −→ B‘λ∈Λ Γλ such that η◦ ι
(J‘Ω)I
RI
= σ, η◦ ι(J‘Ω)IQI = T and η◦ ι
(J‘Ω)I
IP
= S.
It follows from Proposition 7.15 that the two representations(
ι
ω‘Ω
P , ι
ω‘Ω
Q , ι
ω‘Ω
R ,O(I‘ΩP,QI‘Ω ,ψI‘Ω )
(
(J‘Ω)I‘Ω
))
and
(ι
(J‘Ω)I
IP
◦ ℘I , ι(J
‘
Ω)I
QI
◦ ℘I , ι(J
‘
Ω)I
RI
◦ ℘I ,O(IP,QI ,ψI)((J‘Ω)I))
are isomorphic, and it follows that there exists a ring homomorphism
φ : O(I‘ ΩP,QI‘Ω ,RI‘Ω)((J‘Ω)I‘Ω) −→ B‘λ∈Λ Γλ
such that φ ◦ ιω‘ΩR = σ‘λ∈Λ Γλ , φ ◦ ι
ω‘Ω
Q = T
‘
λ∈Λ Γλ
and φ ◦ ιω‘ΩP = S‘λ∈Λ Γλ . 
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Remark 7.20. Let R be a ring, let (P,Q, ψ) be an R-system and let ((Sλ, Tλ, σλ, Bλ))λ∈Λ be
a family of injective and surjective covariant representations of (P,Q, ψ). Then the product
(SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
) is also injective and
surjective, but the coproduct
(S‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, T‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σ‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, B‘
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
is not necessarily injective. Example 4.11 gives us an example of this phenomena.
7.3. Graded ideals of O(P,Q,ψ)(J). Let R be a ring and (P,Q, ψ) an R-system satisfying
condition (FS). We will now show how the classification of surjective and graded representa-
tions of (P,Q, ψ) can be used to describe the graded two-sided ideals of O(P,Q,ψ)(J) for any
faithful ψ-compatible two-sided ideal J of R, and in particular of T(P,Q,ψ) and O(P,Q,ψ) (if it
exists).
Definition 7.21. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let K be a two-sided ideal of R such that K ⊆ ∆−1(FP (Q)) and K ∩ ker∆ = 0. For a
two-sided ideal H of O(P,Q,ψ)(K) we define two two-sided ideals IKH and JKH of R by
IKH := {x ∈ R | ιKR (x) ∈ H} and JKH := {x ∈ R | ιKR (x) ∈ H + FP (Q)} .
We set ωKH = (I
K
H , J
K
H ).
Proposition 7.22. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let K be a two-sided ideal of R such that K ⊆ ∆−1(FP (Q)) and K∩ker∆ = 0. For a two-
sided ideal H of O(P,Q,ψ)(K), denote by ℘H the projection from O(P,Q,ψ)(K) to O(P,Q,ψ)(K)/H.
If we consider the covariant representation
(SH , TH , σH ,O(P,Q,ψ)(K)/H) := (℘H ◦ ιKP , ℘H ◦ ιKQ , ℘H ◦ ιKR ,O(P,Q,ψ)(K)/H),
then we have that ωKH = ω(SH ,TH ,σH ,O(P,Q,ψ)(K)/H). Hence ω
K
H is a T -pair satisfying K ⊆ JKH .
We furthermore have that the representation (SH , TH , σH ,O(P,Q,ψ)(K)/H) is graded if and
only if H is graded.
Proof. By using that ℘H ◦ ιKR = σH and ℘H ◦ piK = piTH ,SH , it is straightforward to check
that IKH = I(SH ,TH ,σH ,O(P,Q,ψ)(K)/H) and J
K
H = J(SH ,TH ,σH ,O(P,Q,ψ)(K)/H), and thus that ω
K
H =
ω(SH ,TH ,σH ,O(P,Q,ψ)(K)/H). It is also easy to check that K ⊆ JKH . That ω(SH ,TH ,σHO(P,Q,ψ)(K)/H),
and thus ωKH , is a T -pair follows from Proposition 7.8.
Assume that H is graded. If x =
∑m
i=1 x
ni ∈ H where each xni ∈ ℘K(T (ni)(P,Q,ψ)), then each
xni ∈ H . This shows that ⊕n∈Z℘H(℘K(T (n)(P,Q,ψ))) is a grading of O(P,Q,ψ)(K)/H , and it follows
that (SH , TH , σH ,O(P,Q,ψ)(K)/H) is graded.
If (SH , TH , σH ,O(P,Q,ψ)(K)/H) is graded and x =
∑m
i=1 x
ni ∈ H where each xni ∈ ℘K(T (ni)(P,Q,ψ)),
then each ℘H(x
(ni)) = 0 which shows that H = ⊕n∈Z(℘K(T (n)(P,Q,ψ)) ∩H), and thus that H is
graded. 
Lemma 7.23. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS) and let
K be a faithful ψ-compatible two-sided ideal of R. If ω = (I, J) is a T -pair such that K ⊆ J ,
then there exists a unique surjective and graded ring homomorphisms ΨKω : O(P,Q,ψ)(K) −→
O(IP,QI ,ψI)(JI) such that ΨKω ◦ ιKR = ιωR, ΨKω ◦ ιKQ = ιωQ and ΨKω ◦ ιKP = ιωP .
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Proof. We have that (ιωP , ι
ω
Q, ι
ω
R,O(IP,QI ,ψI)(JI)) is a surjective and graded covariant represen-
tation of (P,Q, ψ), and since K ⊆ J , this representation is Cuntz-Pimsner invariant relative
to K. The uniqueness and existence of ΨKω then follows from Theorem 3.18. It is easy to
check that ΨKω is graded. 
Definition 7.24. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let K be a faithful ψ-compatible two-sided ideal of R. Given a T -pair ω = (I, J) such
that K ⊆ J . We define HKω to be the two-sided ideal kerΨKω of R where ΨKω is as in Lemma
7.23.
Lemma 7.25. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS) and
let K be a faithful ψ-compatible two-sided ideal of R. If ω = (I, J) is a T -pair such that
K ⊆ J , then HKω is a graded two-sided ideal of O(P,Q,ψ)(K) and satisfies ωHKω = ω.
Proof. Let ΨKω be the homomorphism from Lemma 7.23. That H
K
ω is a graded two-sided
ideal follows from the fact that ΨKω is graded.
To show ωHKω = ω we have to show that I = (ι
K
R )
−1(ker ΨKω ) and that J = (ι
K
R )
−1(kerΨKω +
piK(FP (Q))). If x ∈ I, then ΨKω (ιKR (x)) = ιJIRI (℘I(x)) = 0. Thus I ⊆ (ιKR )−1(ker ΨKω ). If
x ∈ R and ΨKω (ιKR (x)) = 0, then ιJIRI (℘(x)) = 0, and since ιJIRI is injective, it follows that
x ∈ ker℘I = I. Thus I = (ιKR )−1(kerΨKω ).
Let x ∈ J . Then ℘I(x) ∈ JI , so we have
ΨKω (ι
K
R (x)) = ι
JI
RI
(℘I(x)) = pi
JI (∆I(℘I(x))).
Thus there exist q1, q2, . . . , qn ∈ Q and p1, p2, . . . , pn ∈ P such that
ΨKω (ι
K
R (x)) =
n∑
i=1
ιJIQI (℘I(qi))ι
JI
IP
(℘I(pi)).
We then have that ιKR (x)−
∑n
i=1 ι
K
Q (qi)ι
K
P (pi) ∈ ker ΨKω , which shows that J ⊆ (ιKR )−1(kerΨKω +
piK(FP (Q))).
Let σω := ι
JI
RI
◦ ℘I , Tω := ιJIQI ◦ ℘I and Sω := ιJIIP ◦ ℘I . It follows from Proposition 7.9 that
σ−1ω (piTω ,Sω(FP (Q))) = J . If x ∈ R, y ∈ ker ΨKω , q1, q2, . . . , qn ∈ Q, p1, p2, . . . , pn ∈ P and
ιKR (x) = y +
∑n
i=1 ι
K
Q (qi)ι
K
P (pi), then
σω(x) = ι
JI
RI
(℘I(x)) = Ψ
K
ω (ι
K
R (x)) = Ψ
K
ω (
n∑
i=1
ιKQ (qi)ι
K
P (pi))
=
n∑
i=1
ιJIQI (℘I(qi))ι
JI
IP
(℘I(pi)) = piTω ,Sω(
n∑
i=1
θqi,pi) ∈ piTω ,Sω(FP (Q)) ,
so x ∈ J . Thus J = (ιKR )−1(ker ΨKω + piK(FP (Q))). 
Proposition 7.26. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and let K be a faithful ψ-compatible two-sided ideal of R. Let H be a two-sided ideal of
O(P,Q,ψ)(K) and let ω = (I, J) be a T -pair of (P,Q, ψ). Let ℘H denote the quotient map from
O(P,Q,ψ)(K) to O(P,Q,ψ)(K)/H. Then we have:
(1) If there exists a ring homomorphism Υ : O(IP,QI ,ψI)(JI) −→ O(P,Q,ψ)(K)/H such that
Υ ◦ ιωR = ℘H ◦ ιKR , Υ ◦ ιωQ = ℘H ◦ ιKQ and Υ ◦ ιωP = ℘H ◦ ιKP , then I ⊆ IKH and J ⊆ JKH .
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(2) If I ⊆ IKH and J ⊆ JKH , then there exists a unique ring homomorphismΥ : O(IP,QI ,ψI)(JI) −→
O(P,Q,ψ)(K)/H such that Υ ◦ ιωR = ℘H ◦ ιKR , Υ ◦ ιωQ = ℘H ◦ ιKQ and Υ ◦ ιωP = ℘H ◦ ιKP .
(3) If I ⊆ IKH and J ⊆ JKH , then the ring homomorphism Υ is an isomorphism if and only
if H is graded and ωKH = ω.
Proof. (1): Assume that there exists a ring homomorphism Υ : O(IP,QI ,ψI)(JI) −→ O(P,Q,ψ)(K)/H
such that Υ ◦ ιωR = ℘H ◦ ιKR , Υ ◦ ιωQ = ℘H ◦ ιKQ and Υ ◦ ιωP = ℘H ◦ ιKP . If x ∈ I, then it follows
from Proposition 7.9 that℘H(ι
K
R (x)) = Υ(ι
ω
R(x)) = 0, so x ∈ IKH . If x ∈ J , then it follows
from Lemma 3.24 and Proposition 7.9 that
℘H(ι
K
R (x)) = Υ(ι
ω
R(x)) = Υ(piιωQ,ιωP (∆(x))) = ℘H(pi
K(∆(x))),
so x ∈ JKH .
(2): Assume that I ⊆ IKH and J ⊆ JKH . Let (SH , TH , σH ,O(P,Q,ψ)(K)/H) be as in Propo-
sition 7.22. Then we have (I, J) ⊆ ωKH = ω(SH ,TH ,σH ), so the existence and uniqueness of Υ
follows from Theorem 7.11.
(3): It also follows from Theorem 7.11 that Υ is an isomorphism if and only if the represen-
tation (SH , TH , σH ,O(P,Q,ψ)(K)/H) is surjective and graded and ω = ω(SH ,TH ,σH ) = ωKH . The
representation (SH , TH , σH ,O(P,Q,ψ)(K)/H) is always surjective, and it follows from Proposi-
tion 7.22 that it is graded if and only if H is graded, and the desired result follows. 
Theorem 7.27. Let R be a ring and let (P,Q, ψ) be an R-system satisfying condition (FS).
Let K be a faithful ψ-compatible two-sided ideal of R. Then
H 7−→ ωKH , ω 7−→ HKw
is a bijective correspondence between the set of all the graded two-sided ideals H of O(P,Q,ψ)(K)
and the set of all T -pairs ω = (I, J) of (P,Q, ψ) satisfying K ⊆ J . This bijection preserves
inclusion, and if (Hλ)λ∈Λ is a non-empty family of graded two-sided ideals of O(P,Q,ψ)(K) and
Ω = (ωKHλ)λ∈Λ, then H
K
ωQΩ
= ∩λ∈ΛHλ and HKω‘Ω is the smallest two-sided ideal of O(P,Q,ψ)(K)
containing ∪λ∈ΛHλ.
Proof. If ω = (I, J) is a T -pair of (P,Q, ψ) satisfying K ⊆ J , then it follows from Lemma
7.25 that HKω is a graded two-sided ideal of O(P,Q,ψ)(K), and that ωHKω = ω.
If H is a graded two-sided ideal of O(P,Q,ψ)(K), then it follows from Proposition 7.22 that
ωKH is a T -pair of (P,Q, ψ) satisfying K ⊆ JKH . Let ΨKω be the unique ring homomorphism
ΨKω : O(P,Q,ψ)(K) −→ O(IP,QI ,ψI)(JI) satisfying ΨKω ◦ ιKR = ιωR, ΨKω ◦ ιKQ = ιωQ and ΨKω ◦ ιKP = ιωP .
Let (I, J) = ω = ωKH . Then it follows from Proposition 7.26 that there is a ring isomorphism
Υ : O(IP,QI ,ψI)(JI) −→ O(P,Q,ψ)(K)/H such that Υ ◦ ιωR = ℘H ◦ ιKR , Υ ◦ ιωQ = ℘H ◦ ιKQ and
Υ ◦ ιωP = ℘H ◦ ιKP . We then have that Υ ◦ ΨKω is the quotient map from O(P,Q,ψ)(K) to
O(P,Q,ψ)(K)/H , and it follows that HKωKH = kerΨ
K
H = H .
Thus H 7−→ ωKH and ω 7−→ HKw is a bijective correspondence between the set of all the
graded two-sided ideals of O(P,Q,ψ)(K) and the set of all the T -pairs ω = (I, J) of (P,Q, ψ)
satisfying K ⊆ J . It is easy to check that the correspondence preserve inclusion.
Let (Hλ)λ∈Λ be a non-empty family of graded two-sided ideals of O(P,Q,ψ)(K) and let
Ω = (ωKHλ)λ∈Λ. For each λ ∈ Λ let (SHλ , THλ , σHλ ,O(P,Q,ψ)(K)/Hλ) be as in Proposition 7.22.
It follows from Proposition 7.26 that (SHλ , THλ, σHλ ,O(P,Q,ψ)(K)/Hλ) is isomorphic to the
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covariant representation(
ι
ωKHλ
P , ι
ωKHλ
Q , ι
ωKHλ
R ,O(
IK
Hλ
P,Q
IK
Hλ
,R
IK
Hλ
)((JKHλ)IKHλ)
)
.
It therefore follows from Proposition 7.19 that there exists a ring isomorphism
φ : BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
−→ O(
IQΩ
P,QIQΩ ,ψI
Q
Ω
)((JQΩ)IQΩ)
satisfying φ◦σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
= ι
ωQΩ
R , φ◦TQλ∈Λ(Sλ,Tλ,σλ,Bλ) = ι
ωQΩ
Q and φ◦SQλ∈Λ(Sλ,Tλ,σλ,Bλ) =
ι
ωQΩ
P .
If x ∈ K, then we have for all λ ∈ Λ that σHλ(x) − piTH ,SH(∆(x)) = 0, and it thus follows
from Proposition 7.16 that σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
(x) = piTQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
,SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
(∆(x)).
Thus the covariant representation(
SQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, TQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, σQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
, BQ
λ∈Λ(Sλ,Tλ,σλ,Bλ)
)
of (P,Q, ψ) is Cuntz-Pimsner invariant relative to K. It therefore follows from Theorem
3.18 that there exists a ring homomorphism η : O(P,Q,ψ)(K) −→ BQλ∈Λ(Sλ,Tλ,σλ,Bλ) such that
η ◦ ιKR = σQλ∈Λ(Sλ,Tλ,σλ,Bλ), η ◦ ιKQ = TQλ∈Λ(Sλ,Tλ,σλ,Bλ) and η ◦ ιKP = SQλ∈Λ(Sλ,Tλ,σλ,Bλ). We then
have that
φ ◦ η : O(P,Q,ψ)(K) −→ O(
IQΩ
P,QIQΩ ,ψI
Q
Ω
)((JQΩ)IQΩ)
is a ring homomorphism satisfying φ ◦ η ◦ ιKR = ιω
Q
Ω
R , φ ◦ η ◦ ιKQ = ι
ωQΩ
Q and φ ◦ η ◦ ιKP = ι
ωQΩ
P .
It therefore follows that HKωQΩ = ker(φ◦η) = ker η, and since it follows from Proposition 7.16
that ker η = ∩λ∈ΛHλ, we can conclude that HKωQΩ = ∩λ∈ΛHλ.
It follows from Proposition 7.17, 7.19 and 7.26 that there for each λ ∈ Λ exists a ring
homomorphism ψλ : O(P,Q,ψ)(K)/Hλ −→ O(P,Q,ψ)(K)/HKω‘Ω such that ψλ ◦ σHλ = σHKω‘Ω ,
ψλ ◦ THλ = THKω‘Ω and ψλ ◦ SHλ = SHKω‘Ω . It follows that ψλ ◦ ℘Hλ = ℘HKω‘Ω , and thus that
Hλ ⊆ HKω‘Ω .
Let H be a two-sided ideal of O(P,Q,ψ)(K) containing ∪λ∈ΛHλ. Then we have for each λ ∈ Λ
that there exists a ring homomorphism ψλ : O(P,Q,ψ)(K)/Hλ −→ O(P,Q,ψ)(K)/H such that
ψλ ◦ σHλ = σH , ψλ ◦ THλ = TH and ψλ ◦ SHλ = SH . It therefore follows from Proposition 7.17
and 7.19 that there exists a ring homomorphism
τ : O(
I‘Ω
P,QI‘Ω ,ψI
‘
Ω
)((J‘Ω)I‘Ω) −→ O(P,Q,ψ)(K)/H
satisfying τ ◦ ιω‘ΩR = ℘H ◦ ιKR , τ ◦ ι
ω‘Ω
Q = ℘H ◦ ιKQ and τ ◦ ι
ω‘Ω
P = ℘H ◦ ιKP . It then follows that
τ ◦ΨKω‘Ω = ℘H , and thus that HKω‘Ω = kerΨKω‘Ω ⊆ H . Hence HKω‘Ω is the smallest two-sided
ideal of O(P,Q,ψ)(K) containing ∪λ∈ΛHλ. 
Corollary 7.28. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS).
Then
H 7−→ ω{0}H , ω 7−→ H{0}w
is a bijective correspondence between the set of all the graded two-sided ideals H of T(P,Q,ψ)
and the set of all T -pairs ω = (I, J) of (P,Q, ψ). This bijection preserves inclusion, and if
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(Hλ)λ∈Λ is a non-empty family of graded two-sided ideals of T(P,Q,ψ) and Ω = (ω{0}Hλ )λ∈Λ, then
H
{0}
ωQΩ = ∩λ∈ΛHλ and H{0}ω‘Ω is the smallest two-sided ideal of T(P,Q,ψ) containing ∪λ∈ΛHλ.
Corollary 7.29. Let R be a ring, let (P,Q, ψ) be an R-system satisfying condition (FS)
and assume that there exists a uniquely maximal faithful ψ-compatible two-sided ideal K of
R. Then
H 7−→ ωKH , ω 7−→ HKw
is a bijective correspondence between the set of all the graded two-sided ideals H of O(P,Q,ψ)
and the set of all T -pairs ω = (I, J) of (P,Q, ψ) satisfying K ⊆ J . This bijection preserves
inclusion, and if (Hλ)λ∈Λ is a non-empty family of graded two-sided ideals of O(P,Q,ψ) and
Ω = (ωKHλ)λ∈Λ, then H
K
ωQΩ
= ∩λ∈ΛHλ and HKω‘Ω is the smallest two-sided ideal of O(P,Q,ψ)
containing ∪λ∈ΛHλ.
Example 7.30. Let us once again return to Example 1.9. We saw in Example 5.5 that if R
is a ring with local units, ϕ ∈ Aut(R), P = Rϕ, Q = Rϕ−1 and
ψ : P ⊗R Q −→ R
p⊗ q 7−→ pϕ(q),
then (P,Q, ψ) is a R-system which satisfies condition (FS), ker∆ = {0}, ∆−1(FP (Q)) = R,
and O(P,Q,ψ) = O(P,Q,ψ)(R) is the universal ring generated by elements {[r, k] : r ∈ R, k ∈ Z}
satisfying [r1, k] + [r2, k] = [r1 + r2, k] and [r1, k1][r2, k2] = [r1ϕ
k1(r2), k1 + k2].
It is easy to see that a two-sided ideal I of R is ψ-invariant if and only if ϕ(I) ⊆ I. It is
also easy to see that if I is a ψ-invariant ideal, then ker∆I = ϕ
−1(I) + I. Thus (I, R) is a
T -pair if and only if I is a two-sided ideal of R such that ϕ(I) = I. It therefore follows from
Corollary 7.29 that we have a bijective correspondence between ϕ-invariant ideals of R and
graded two-sided ideals of O(P,Q,ψ) which takes a ψ-invariant ideal I to the graded two-sided
ideal {[x, k] ∈ O(P,Q,ψ) : x ∈ I, k ∈ Z}, which is isomorphic to the crossed product I ×ϕ Z.
It is easy to see that if we by ϕI denote the automorphism of RI = R/I induced by ϕ,
then IP = (R/I)ϕI and QI = (R/I)ϕ−1I
. It follows from Proposition 7.26 that the quotient
of O(P,Q,ψ) by the ideal {[x, k] ∈ O(P,Q,ψ) : x ∈ I, k ∈ Z} is isomorphic to O(IP,QI ,ψI)(RI) =
O(IP,QI ,ψI) and thus to the crossed product (R/I)×ϕI Z.
Example 7.31. Let E = (E0, E1) be an oriented graph and F a commutative unital ring.
Let R be the ring and (P,Q, ψ) the R-system associated with E in Example 1.10 and Example
5.8. For an ideal I of R, letH = {v ∈ E0 : 1v ∈ I}. We then have that I = spanF{1v : v ∈ I}.
We may identify RI with spanF{℘I(1v) : v ∈ E0 \H}. It is easy to see that I is ψ-invariant
if and only if the set of vertices H is hereditary, i.e. whenever e ∈ E1 with s(e) ∈ H then
r(e) ∈ H . In that case we have
IP = spanF{1e : e ∈ E1, r(e) ∈ H} and QI = spanF{1e : e ∈ E1, r(e) ∈ H} ,
so we may, and will, identify IP with spanF{℘I(1e) : e ∈ E1, r(e) /∈ H} and QI with
spanF{℘I(1e) : e ∈ E1, r(e) /∈ H}. We then have that that
ker∆I = span{℘I(1v) : v ∈ ∂H or s−1(v) = ∅} ⊆ ker∆
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where ∂H := {v ∈ E0 : 0 < |s−1(v)| <∞ and r(s−1(v)) ⊆ H}. The set H is called saturated
if ∂H ⊆ H . We define the set of breaking vertices of H to be
BH := {v ∈ E0inf \H : 0 < |s−1(v) ∩ r−1(E0 \H)| <∞}
where E0inf = {v ∈ E0 : |s−1(v)| =∞}. We then have that
∆−1I (FIP (QI)) = span{℘I(1v) : v ∈ E0reg \H or v ∈ BH}
where E0reg := {v ∈ E0 : 0 ≤ |s−1(v)| <∞}.
Let J be an ideal of R. Then I ∪ ∆−1(FP (Q)) ⊆ J if and only if we for all v ∈ H
and all v ∈ E0 with 0 < |s−1(v)| < ∞ have that 1v ∈ J , and we have that ℘I(J) ⊆
∆−1I (FIP (QI))∩(ker∆I)⊥ if and only if we for v ∈ E0\H with 1v ∈ J have that v ∈ E0reg∪BH ,
v /∈ ∂H and s−1(v) 6= ∅. So if H is not saturated, then there does not exist any ideal J of R
such that I∪∆−1(FP (Q)) ⊆ J and ℘I(J) ⊆ ∆−1I (FIP (QI))∩(ker ∆I)⊥; and if H is saturated,
then there is a bijective correspondence between ideals J of R such that I ∪∆−1(FP (Q)) ⊆ J
and ℘I(J) ⊆ ∆−1I (FIP (QI)) ∩ (ker∆I)⊥, and subsets of BH . This correspondence takes a
subset S of BH to the ideal spanF{1v : v ∈ H ∪ S or 0 < |s−1(v)| <∞}.
So it follows from Corollary 7.29 that there is a bijective correspondence between pairs
(H,S) where H is a hereditary and saturated subset of E0 and S is a subset of BH , and
graded ideals of O(P,Q,ψ). This correspondence takes a graded ideal K to (H,S) where
H = {v ∈ E0 : pv ∈ K}
and
S = {v ∈ BH : pv −
∑
e∈s−1(v)∩r−1(E0\H)
xeye ∈ K} .
It takes a pair (H,S) to the graded ideal generated by
{pv : v ∈ H} ∪ {pv −
∑
e∈s−1(v), r(e)/∈H
xeye : v ∈ S} .
Thus we recover the result of [22, Theorem 5.7(1)].
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